
ANALYSIS ON REAL LIE GROUPS

FÉLICIEN COMTAT

1. Introduction and motivations

This course is about spherical functions on a semisimple real Lie group, and the
spherical transform. The later may be viewed as a non-Abelian version of the Fourier
transform, where the spherical functions play the role of the complex exponential. In
this foreword, we introduce the spherical functions and spherical transform from the
point of view of representation theory, through the motivating example of the trace
formula.

1.1. Basic Fourier theory. The central result in Fourier theory is that under
suitable assumptions, a function can be recovered from its Fourier transform, and the
inversion formula is particularly simple and elegant.

Theorem 1.1 (Fourier inversion theorem). Let f be a continuous, integrable function
on R. For ν ∈ R define

(Ff)(ν) =

∫
R
f(x) exp(−2iπxν) dx.

Assume that Ff is integrable. Then for all x ∈ R we have

f(x) =

∫
R
(Ff)(ν) exp(2iπxν) dν.

Depending on one’s purpose, the assumptions on f may be relaxed or strengthened
in many different ways. A classical result characterises the image of the space of
smooth, compactly supported functions f by the Fourier transform. Although in
previous theorem ν was a real variable, in this situation one may define (FF )(ν)
for any complex number ν by the same formula. A holomorphic function h on C is
Paley-Wiener if there exists R > 0 such that for all N ≥ 0 there exists CN ∈ R such
that

|h(ν)| ≤ CN(1 + |ν|)−NeR|ℑ(ν)|

for all ν ∈ C.
1
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Theorem 1.2 (Paley-Wiener). The Fourier transform F is a bijection between the
space of smooth, compactly supported functions on R and the space of Paley-Wiener
functions on C.

These results naturally extend to the Euclidean space Rn. More generally, there
is a Fourier inversion formula for locally compact Abelian topological groups (this is
the object of Pontryagin duality). However, in the course of history the need arose
for non-Abelian generalisations of the Fourier transform. As a motivating example,
we briefly discuss the trace formula.

1.2. The trace formula. Let G be a locally compact topological group. Assume
that G has a non-trivial Radon measure µ that is both left-invariant and right-
invariant under the action of G (that is G is unimodular). For instance one may think
of G = R endowed with the usual measure dx. A less trivial example is G = SL2(R)
endowed with the measure given by dµ(g) = 1

y
dxdydθ if

g =

[
1 x

0 1

][
y
1
2 0

0 y−
1
2

][
cos θ sin θ

− sin θ cos θ

]
(x ∈ R, y > 0, θ ∈ [0, 2π)).

Let Γ be a discrete subgroup of G. Then the measure µ descends to a right-invariant
measure on the quotient space X = Γ\G, that we denote by µΓ\G. Moreover we may –
and we will – identify functions on Γ\G with left-Γ-invariant functions on G. To keep
things simple, assume that X is compact. Consider the regular right representation R
of G of L2(X), defined for g ∈ G and φ ∈ L2(X) by

(R(g)φ)(x) = φ(xg) for µ− almost all x ∈ G.

Given a continuous compactly supported function f : G→ C define an operator R(f)
on L2(X) by

(R(f)φ)(x) =

∫
G

f(g)φ(xg) dµ(g) for µ− almost all x ∈ G.

Then by left-invariance of µ and by Fubini’s theorem we have

(R(f)φ)(x) =

∫
G

f(x−1g)φ(g) dµ(g)

=

∫
Γ\G

∑
δ∈Γ

f(x−1δg)φ(δg) dµΓ\G(g) =

∫
Γ\G

Kf (x, g)φ(g) dµΓ\G(g),

where
Kf (x, g) =

∑
δ∈Γ

f(x−1δg).
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Note that since f has compact support, for any fixed x, g ∈ G the sum above is finite,
and in particular Kf(x, g) is well-defined (and continuous). Thus we have realised
the operator R(f) as an integral operator with kernel Kf . Assume moreover that the
operator R(f) is trace class, and that its trace is given by

(1.1) tr(R(f)) =

∫
Γ\G

Kf (x, x)dµΓ\G(x).

By general theory, this is in particular the case if G is a real Lie group and f is smooth.
The trace formula stems from evaluating this trace in two different ways. On the one
hand, given δ ∈ Γ, let {δ} be its conjugacy class in Γ and let Γδ = {γ ∈ Γ : γδγ−1 = δ}
be its centraliser in Γ. Then we can rewrite the kernel Kf as

Kf (x, g) =
∑
{δ}

∑
γ∈Γδ\Γ

f(x−1γ−1δγg).

Reporting this in (1.1) and assuming we may swap integration and summation order
we obtain

tr(R(f)) =
∑
{δ}

∫
Γ\G

∑
γ∈Γδ\Γ

f(x−1γ−1δγx) dµΓ\G(x)

=
∑
{δ}

∫
Γδ\G

f(y−1δy) dµΓδ\G(y).

Now let Gδ be the centraliser of δ in G. Assume that the centralisers Gδ are closed,
unimodular subgroups (this is in particular the case if G is a semisimple real Lie
group). Then we may decompose the quotient measure dµΓδ\G as dµΓδ\Gδ

dµGδ\G and
thus we have ∫

Γδ\G
f(y−1δy) dµΓδ\G(y) = Vol(Γδ\Gδ)Iδ(f)

where

Iδ(f) =

∫
Gδ\G

f(y−1δy) dµGδ\G(y).

The integral Iδ(f) is called an orbital integral because as y ranges over Gδ\G, the
integrand y−1δy ranges precisely over the orbit of δ by conjugation in G. Thus we
have obtained the so-called geometric side of the trace formula

(1.2) tr(R(f)) =
∑
{δ}

Vol(Γδ\Gδ)Iδ(f).
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On the other hand, it can be shown that the representation R decomposes as a Hilbert
direct sum of irreducible unitary representations π with finite multiplicity mπ:

R ≃
⊕
π∈Ĝ

mππ,

where Ĝ is the unitary dual of G, that is, the set of equivalence classes of irreducible
unitary representations of G. Given a closed subspace V ⊂ L2(X) that is invariant by

R, by construction the operator R(f) preserves V . In particular for each π ∈ Ĝ we
may consider the operator π(f) obtained by restricting R(f) to any closed invariant
subspace Vπ on which the regular right representation of G is isomorphic to π. Thus
we obtain the so-called spectral side of the trace formula

(1.3) tr(R(f)) =
∑
π∈Ĝ

mπ tr(π(f)).

Assembling (1.2) and (1.3) we arrive – subject to our running assumptions – at the
following identity, known as the trace formula∑

π∈Ĝ

mπ tr(π(f)) =
∑
{δ}

Vol(Γδ\Gδ)Iδ(f).

Before proceeding any further we give an example that relates the trace formula to
Fourier theory. Take G = R and Γ = Z. Since in this case G is commutative the
conjugacy classes are trivial and thus the geometric side is given by

tr(R(f)) =
∑
δ∈Z

f(δ).

On the other hand the irreducible unitary representations π of G = R are unitary
characters πν : x 7→ exp(2iπνx) where ν ∈ R. A subspace of L2(R/Z) that is
equivalent to πν is spanned by a non-zero function φν ∈ L2(Z/R) satisfying R(x)φν =
exp(2iπνx)φν for all x ∈ R, that is
(1.4) φν(x+ y) = exp(2iπνx)φν(y)

for all x, y ∈ R. In particular taking x = 1 we see that we must have ν ∈ Z, and if this
is the case then (1.4) completely determines φν , which is to say the multiplicity mπν

is one. Then by definition we have

R(f)φν =

(∫
R
f(x) exp(2iπνx) dx

)
φν = (Ff)(ν)φν

and thus
tr(πν(f)) = (Ff)(ν).

Hence in this case the trace formula reduces to the Poisson summation formula.
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Theorem 1.3 (Poisson summation formula). Let f be a smooth, compactly supported
function on R. Then we have ∑

δ∈Z

f(δ) =
∑
ν∈Z

(Ff)(ν).

The fact that even in this simple setting the trace formula reduces to a non-
trivial theorem should be seen as a hint about how deep and powerful it is in general.
Selberg developped the trace formula for the group G = GL2(R) (also for non-compact
quotients). Since then many mathematicians have worked on traces formulas for more
general groups, making them a cornerstone tool in the theory of automorphic forms
and in the Langlands programme.

1.3. The spherical transform. Returning now to the general trace formula, cal-
culating the traces tr(π(f)) for arbitrary test functions f can challenging. In the
example of G = R above, however, the space of π(f) was one-dimensional – and π(f)
was given on this one-dimensional subspace by the Fourier transform. We will now
see another situation where each operator π(f) has rank (at most) one. Assume K
is a compact subgroup of G such that for any irreducible unitary representation π
of G the subspace πK of π consisting of vectors fixed by the action of K is at most
one-dimensional. This assumption might seem ad hoc but in view of the following
theorem it is in fact very natural.

Theorem 1.4. Let G be a semisimple connected real Lie group and let K be a
maximal compact subgroup. Let π be an irreducible unitary representation of G. Then

for each τ ∈ K̂ the multiplicity of τ in the restriction π|K of π to K is at most dim τ .

In particular taking τ to be the trivial representation of K, in this setting our

assumption is satisfied. Now assume that f is left-K-invariant. Let π ∈ Ĝ and let
Vπ ⊂ L2(X) be an invariant subspace isomorphic to π. Then for all φ ∈ Vπ, for all
k ∈ K and almost all x ∈ G we have

(π(f)φ)(xk) =

∫
G

f(g)φ(xkg) dµ(g)

=

∫
G

f(k−1g)φ(xg) dµ(g) = (π(f)φ)(x)

and so we see that π(f)φ ∈ πK . Moreover it is easy to see that the adjoint of π(f)

is π(f ∗), where f ∗ is given by f ∗(g) = f(g−1) for all g ∈ G. Thus if f is right-K-
invariant then π(f) vanishes on the orthogonal complement of πK . Henceforth assume
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that f is right K-invariant. If πK = {0} then tr(π(f)) = 0. Otherwise the space πK

is spanned by a single vector vπ, that we may assume to have norm 1. Then we have

tr(π(f)) = ⟨π(f)vπ, vπ⟩

=

〈∫
G

f(g)π(g)vπ dµ(g), vπ

〉
=

∫
G

f(g)ϕπ(g) dµ(g)

where
ϕπ(g) = ⟨π(g)vπ, vπ⟩.

Since vπ ∈ πK and since ⟨·, ·⟩ is G-invariant, it is to see that ϕπ is itself left and
right K-invariant. In this situation ϕπ is called a spherical function for π, and the
map f̂ : π 7→ tr(π̃(f)) is called the spherical transform. Here, π̃ is the contragredient
representation to π, and the only reason we have put tr(π̃(f)) instead of tr(π(f)) is
to have a formula that is formally analogous to the Fourier transform. An irreducible
representation that has a non-trivial K-fixed vector is called spherical, whence the
terminology.

The spectral decomposition of the space L2(X) (that is, the question of determining

for which π ∈ Ĝ we have mπ ̸= 0) is quite a subtle matter, which involves deeply
the arithmetic and geometric structure of Γ. The trace formula provides a valuable
tool to study this question, provided that we can produce enough interesting test
functions f̂ on the spectral side, and that we can understand the geometric side –
which would be the topic of a different course. It is therefore natural to ask the
following questions.

Question 1. What kind of test functions h = f̂ on Ĝ can we produce?

Question 2. Given h = f̂ , can we recover f from h?

Before proceeding any further, let us note that using the left-K-invariance of ϕπ
we have tr(π(f)) = tr(π(f#)) where f#(g) = 1

Vol(K)

∫
K
f(kg) dµK(k). Since f# is

manifestly left-K-invariant we may assume without loss of generality that f is both
left and right K-invariant.

1.4. From representation theory to eigenfunctions. Of course, to give a precise
meaning to the above questions, one should first understand the structure of the

unitary dual Ĝ of G – which we will not discuss here. Now Questions 1 and 2
do not depend on the subgroup Γ any more, they are purely questions about the
representation theory of G. In turn, these questions can be translated into questions
of analysis. It should not be surprising that answering Questions 1 and 2 involves
understanding the analytic behaviour of the spherical functions ϕπ. These are
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examples of matrix coefficients. Given a unitary representation π ∈ Ĝ and u, v ∈ π,
define the matrix coefficient ϕu,v on G by

ϕu,v(g) = ⟨π(g)u, v⟩.
In particular with earlier notations we have ϕπ = ϕvπ ,vπ . Observe that the map
Tv : u 7→ ϕu,v intertwines π with the regular right representation of G:

Tv(π(g)u)(x) = ⟨π(xg)u, v⟩ = Tv(u)(xg) for all x, g ∈ G.

Thus we obtain a realisation of π in some space Vπ of functions G→ C. Now suppose
we can find an operator D, acting on functions on G such that

(1) D preserves the G-invariant subspaces,
(2) D commutes with the regular right representation of K,

ThenDϕπ ∈ Vπ andDϕπ is right-K-invariant, thus since we are assuming dim(πK) ≤ 1
we must have Dϕπ = λϕπ for some λ ∈ C. To construct an operator as above, given
g ∈ G define the operator Rg by Rgf(x) = f(xg) for all x ∈ G. Then the operators
of the form Rg obviously preserves G-invariant subspaces. The operator Rg does
not in general commute with the action of K, but one can look for operators that
do in the algebra generated by all the operators of the form Rg. In fact, in the
setting of Lie groups, we have a differential structure on G, and we may consider left-
invariant differential operators, which are in some sense limits of linear combinations
of operators of the form Rg, and thus also preserve G-invariant subspaces. Instead of
using the composition law of G, these have the advantage of involving the Lie algebra
g of G, which to some extent is easier to understand. Denoting by DK(G) the algebra
of left-invariant differential operators that commute with the action of K, it follows
from the above discussion that the matrix coefficients ϕπ are joint eigenfunctions
of every operator D ∈ DK(G) (there is a technicality here, namely that differential
operators are only defined on smooth functions, but it turns out that ϕπ is indeed
smooth). As we will show in this course, in the setting of connected semisimple real
Lie groups with finite centre, spherical functions are completely determined by their
system of eigenvalues for the algebra DK(G), and moreover we shall be able to extract
enough information about them to give the following answers to Question 1 and 2,
which remarkably parallel Theorems 1.1 and 1.2. For the purpose of the introduction,
we only give rather vague statements, and the more precise statements will be given
at a further point in the course.

Theorem 1.5. Let G be a connected semisimple real Lie group with finite centre, and
let K be the subgroup consisting of the fixed points of the Cartan involution. There

exists an explicit measure µĜ on Ĝ satisfying the following property. Given a smooth,
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compactly function f on G that is left and right K-invariant, and given π ∈ Ĝ, define

f̂(π) =

∫
G

f(g)ϕπ̃(g) dµ(g).

Then for all g ∈ G we have

f(g) =

∫
Ĝ

f̂(π)ϕπ(g)µĜ(π).

Instead of considering only unitary representations of G, it is natural to consider
the wider class of irreducible admissible representations of G. The natural notion of
equivalence of admissible representations is called infinitesimal equivalence. We won’t
define these notions here, but we will mention that if π1 and π2 are two irreducible
spherical admissible representations then we have ϕπ1 = ϕπ2 if and only if π1 and π2 are
infinitesimally equivalent. In general this is a looser condition than being isomorphic,
however for unitary representations the two notions coincide. Let A(G) be the set of
infinitesimal equivalence classes of irreducible spherical admissible representations
of G. The so-called Langlands classification shows (among other things) that there is
an integer r and a finite group WG called the Weyl group and a “natural” injective
map S : A(G) → Cr/WG whose image is open and dense. Then we say a function h
on A(G) is Paley-Wiener if the function hS defined on an open, dense subset of Cr

by hS(z) = h(S−1(WG · z)) extends to a Paley-Wiener function on Cr.

Theorem 1.6. In the above setting, the spherical transform f 7→ f̂ is a bijection
between the space of smooth, left and right K-invariant, compactly functions on G
and the space of Paley-Wiener functions on A(G).

We hope these notes will illustrate how harmonic analysis of Lie groups fruitfully
brings together geometry, algebra, analysis, and representation theory. Although this
introduction was motivated by the later, we will not mention representation theory
any more, working purely from the point of view of eigenfunctions of the algebra of
differential operators. However representations are silently lurking in the background,
and many of the results we shall cover have a natural interpretation in terms of
representation theory. We invite the reader interested in this point of view to consult
Knapp’s book [Kna86].

The content of this course is primarily Harish-Chandra’s work [HC58a,HC58b],
and the results of Chevalley the latter is based on (some of which is unpublished and
some appeared in [Che55]). A large part of these notes are taken from Helgason’s
books [Hel01], [Hel62], and particularly [Hel00]. Other excellent sources we have
made use of are [Bum97], [Kna02], [Hum75], [Gar10] and [Wis01].
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2. Reminders from Differential Geometry

2.1. Smooth manifolds and smooth maps. Let M be a Hausdorff topological
space. An open chart of dimension n on M is a pair (U,φ), where U is an open set
of M and φ is an homeomorphism of U onto an open set of Rn.

A C∞-manifold (or smooth manifold) of dimension n is a Hausdorff topological
space M together with a collection of open charts (Ui, φi)i∈I on M such that

• M =
⋃
i∈I Ui

• for each i, j ∈ I the mapping φi(Ui ∩ Uj)
φj◦φ−1

i−−−−→φj(Ui ∩ Uj) is C∞.

Remark 2.1. In the definition of a manifold, further topological assumptions are often
required. However we shall not need those.

If M is a real C∞-manifold a map f : M → R is smooth if for each local
chart (U,φ) the map f ◦ φ−1 : Rn → R is smooth. The set of smooth maps from M

to R is denoted by C∞(M). More generally, if M and N are two manifolds, a map
ϕ : M → N is smooth if f ◦ ϕ ∈ C∞(M) for all f ∈ C∞(N).
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If M and N are two manifolds of dimensions m and n with open charts (Ui, φi)i∈I ,
(Vj, ψj)j∈J respectively, the product manifold M ×N is the manifold of dimension
m+n whose underlying topological space is M×N with the collection of open charts
(Ui×Vj, φi×ψj) i∈I

j∈J
, where φi×ψj is the map Ui×Vj → Rm+n, (x, y) 7→ (φi(x), ψ(y)).

2.2. Vector fields and tangeant spaces. If M is a real C∞-manifold, a vector
field on M is a linear map X : C∞(M) → C∞(M) satisfying Leibniz’ law

X(fg) = fX(g) +X(f)g.

The set of all vector fields on M is denoted by D1(M). If X, Y ∈ D1(M) are two
vector fields, their Lie bracket is

[X, Y ] = X ◦ Y − Y ◦X.
A tiny calculation shows that [X, Y ] satisfies the Leibniz law, and hence [X, Y ] is
also a vector field. The Lie bracket satisfies the Jacobi identity

[X, [Y, Z]] + [Y, [Z,X]] + [Z, [X, Y ]] = 0

for all X, Y, Z ∈ D1(M). If p ∈ M and X ∈ D1(M) let Xp be the linear map
C∞(M) → R defined by

Xp(f) = (Xf)(p).

The tangent space to M at p is the vector space

TpM = {Xp : X ∈ D1(M)}.
Example 2.2. Let V be a finite-dimensional vector space over R. In particular V is a real
manifold. For any p ∈ V the tangent space TpV can be identified with V itself by sending

the vector Y ∈ V to the element Ỹp of TpV defined by

Ỹp(f) = (Ỹ f)(p) =

(
d

dt
f(p+ tY )

)
t=0

.

for all f ∈ C∞(V ). The map Y 7→ Ỹ is clearly injective. For the surjectivity assume
without loss of generality that V = Rn and p = 0. Note that any f ∈ C∞(V ) can be written
as

f(x) =

∫ 1

0

df

dt
(tx)dt =

n∑
i=1

xi

∫ 1

0

∂f

∂xi
(tx)dt︸ ︷︷ ︸

gi(x)

.

Now given any X ∈ D1(M) we obtain

(Xf)(x) =

n∑
i=1

X(xigi)(x) =

n∑
i=1

X(xi)(x)gi(x) + xiX(gi)(x),
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and taking x = 0

X0f =
n∑
i=1

X0(xi)
∂f

∂xi
(0) =

df

dt
(tY ),

where Yi = X0(xi).

So far we have worked with vector fields followed by the evaluation at p, but
an equivalent point of view is given by derivations at p, namely linear maps
δ : C∞(M) → R satisfying δ(fg) = f(p)δ(g) + δ(f)g(p).

Lemma 2.3. Let M be a smooth manifold and p ∈ M. Then TpM is the space of
derivations at p.

Proof. It is clear from the definition of TpM that its elements are derivations at p. So
it remains to show that every derivation at p is of the form δ = Xp for some vector
field X. Hence let δ be a derivation at p. Let (U,φ) be a local chart such that p ∈ U .
let h : M → R be a smooth function such that h(p) = 1 and h vanishes outside of U
(the existence of such a function is left as an exercise). Inspired by Example 2.2, let
Y = (δ(xi ◦ φ))i ∈ Rm, and let us define for all f ∈ C∞(M)

(Xf)(x) = h(x)

(
d

dt
f ◦ φ−1(φ(x) + tY )

)
t=0

.

Note that a priori this definition only makes sense for x ∈ U , however the factor
h(x) ensures that the right hand side is zero for x ̸∈ U . Firstly observe X satisfies
the Leibniz law because d

dt
does. Thus X ∈ D1(M). Next we claim that Xp = δ.

Following the argument of Example 2.2, we have

δf =
n∑
i=1

δ(xi ◦ φ)
∂f ◦ φ−1

∂xi
(φ(p)) = (Xf)(p)

as desired. □

Let ϕ : M → N be a smooth map between two smooth manifolds. Then
ϕ induces a pullback map ϕ∗ : C∞(N) → C∞(M) : f 7→ f ◦ ϕ, and a map
dpϕ : TpM → Tϕ(p)N, δ 7→ δ ◦ ϕ∗. Note that the fact dpϕ indeed takes values in TpN
follows from Lemma 2.3. When M = Rm and N = Rn this is the ordinary differential.
Also observe that in the case N = R then (upon identifying Tϕ(p)R with R) dpϕ is
given by the map TpM → R : X 7→ X(ϕ).

Let N be a manifold. An immersed submanifold of N is a manifold S such
that S ⊂ N and the inclusion map ιS from S to N is smooth and its differential
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dpιS : TpS → TpN is injective for all p ∈ S. In the sequel by submanifold we shall
always mean an immersed submanifold.

Remark 2.4. This definition is weaker than the definition of an embedded submanifold,
which also requires the inclusion map to be a topological embedding.

Later on we shall need the following technical lemmas.

Lemma 2.5. Let N be a manifold and S be a submanifold of N. Let p ∈ S. Then
there exists a local chart (V, κ) near p in N such that κ(p) = 0 and such that

U = {x ∈ V : κj(x) = 0 for dimS < j ≤ dimN}
endowed with the restriction of (κ1, · · · , κdimS) to U is a local chart on S containing p.

Proof. Fix and let (U,φ) and (V, ψ) be local charts near p inS andN respectively, such
that φ(p) = ψ(p) = 0. Let F = (F1, · · · , FdimN) be defined in a neighbourhood of 0 in

RdimS by F = ψ ◦φ−1. Since dpιS is injective the Jacobian matrix
(
∂Fj

∂xi
(0)

)
1≤i≤dimS
1≤j≤dimN

has rank dimS. Hence without loss of generality we may assume that the matrix J =(
∂Fj

∂xi
(0)

)
1≤i,j≤dimS

is invertible. Thus in a neighbourhood of 0 the map (F1, · · · , FdimS)

has inverse map G. That is, in a neighbourhood of p in S we have G(ψ1, · · · , ψdimS) =
φ. Now put

κj =

{
ψj if 1 ≤ j ≤ dimS,

ψj − Fj(G(ψ1, · · · , ψdimS)) if j > dimS.

It remains to see that (κ1, · · · , κdimS) ◦ φ−1 and κ ◦ ψ−1 are local diffeomorphisms.

The Jacobian matrix of (κ1, · · · , κdimS) ◦ φ−1 is
(
∂ψj◦φ−1

∂xi
(0)

)
1≤i,j≤dimS

= J which

is invertible. On the other hand the Jacobian matrix of κ ◦ ψ−1 is of the form[
IdRdimS ∗

IdRdimN−dimS

]
and hence also invertible. □

Lemma 2.6. Let N be a manifold and S be a submanifold of N. Let M be a
manifold and let ϕ : M → N be a smooth map such that φ(M) ⊂ S. If the map
ϕ : M → S is continuous, then it is smooth.

Proof. Let p ∈ M. consider the local chart (V, κ) near ϕ(p) and the open set U ⊂ S

given by Lemma 2.5 Since ϕ is continuous ϕ−1(U) is an open set containing p and
hence we may find a local chart (W,φ) near p such that W ⊂ ϕ−1(U). In particular
ϕ(W ) ⊂ U . Since ϕ : M → N is smooth, the map κ ◦ϕ : W → RdimN is also smooth.
But then so is the map (κ1, · · · , κdimS) ◦ ϕ : W → RdimS, from which it follows that
ϕ : M → S is smooth. □
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Remark 2.7. The hypothesis that ϕ : M → S be continuous is not automatic, because
there might be open sets of S that are not the intersection of S with an open set of N. In
fact, let us construct an example of a smooth map ϕ : M → N such that ϕ : M → S is
not continuous. Fix f : R → R such that f is smooth, f(t) > 0 for t > 0 and f(t) = 0 for
t ≤ 0. Consider R1 = {(t, f(t)) : t > 0} ⊂ R2 and R2 = {(t, 0) : t ∈ R} ⊂ R2, both endowed
with the subspace topology. Let S = R1 ∪ R2 endowed with the disjoint union topology.
S is indeed a submanifold of R2. Finally let ϕ : R → R2 : t 7→ (t, f(t)). Then ϕ : R → R2 is
smooth, and has its image contained in S. On the other hand R2 is an open subset of S,
and ϕ−1(R2) = [0,∞) is not open, hence ϕ : R → S is not continuous.

3. Lie groups and Lie algebras

A (real) Lie group is a group G which is also a C∞ manifold such that the maps

G×G→ G, (x, y) 7→ xy and G→ G, x 7→ x−1

are smooth. In the sequel we shall denote the neutral element of a group G by eG, or
just e if G is clear from the context. A morphism of Lie groups is a morphism of
groups which is also a smooth map.

Example 3.1. The group GL2(R) of 2× 2 matrices non-zero determinant is an open subset
of R4, which immediately endows it with a structure of C∞ manifold. The multiplication
and inverse are smooth because they are given by rational functions.

Example 3.2. The group SL2(R) of 2× 2 matrices with determinant 1 can be viewed as a
subset of R4, and thereby endowed with the subset topology. We can turn it into a smooth
manifold by specifying the local charts

U1 = {
[
a b
c d

]
∈ SL2(R) : a ̸= 0}, φ1 : U1 → R3,

[
a b
c d

]
7→ (a, b, c) ,

U2 = {
[
a b
c d

]
∈ SL2(R) : b ̸= 0}, φ2 : U2 → R3,

[
a b
c d

]
7→ (a, b, d) .

The multiplication and inverse are smooth for the same reason as in the case of GL2(R).

Let G be a Lie group and for g ∈ G let ℓg and ρg denote the then the left and
right translation of G on itself respectively, that is

ℓg : G→ G, x 7→ gx and ρg : G→ G, x 7→ x 7→ xg.

They in turn induce corresponding actions on smooth functions f : G→ M is smooth,
where M is any smooth manifold. Namely for all g ∈ G the functions

Lgf : x 7→ f(gx) and Rgf : x 7→ f(xg)

are themselves smooth. Observe that

Lg ◦ Lx = Lxg and Rg ◦Rx = Rgx.
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In the notations of § 2.2 we have Lg = ℓ∗g and Rg = ρ∗g, and in particular the map
deℓg : TeG→ TgG is given by x 7→ x ◦ Lg (and similarly for Rg).

A vector field X on G is called left-invariant if Lg ◦X = X ◦ Lg for all g ∈ G.
Let L(G) be the vector space of left-invariant vector fields on G. If X, Y ∈ L(G)
then [X, Y ] = X ◦ Y − Y ◦X ∈ L(G) (we already know that [X, Y ] is a vector field,
and the left-invariance is obvious). The vector space L(G) endowed with the Lie
bracket is called the Lie algebra of G. It is indeed a Lie algebra according to the
following definition.

Definition 3.3. A (real) Lie algebra is a real vector a space endowed with a bilinear
map [·, ·] : a× a → a satisfying the following

(1) [X,X] = 0 for all X ∈ a,
(2) [X, [Y, Z]] + [Y, [Z,X]] + [Z, [X, Y ]] = 0 for all X, Y, Z ∈ a.

Remark 3.4. Axiom (2) is called the Jacobi identity. Using bilinearity and Axiom (1) it is
easy to see that [X,Y ] = −[Y,X] for all X,Y ∈ a.

The Lie algebra a is said to be commutative is the Lie bracket [·, ·] is identically
zero. A Lie subalgebra is a vector subspace b of a such that [b, b] ⊂ b. A
morphism of Lie algebras is a linear map σ : a → a′ between Lie algebras such
that [σ(X), σ(Y )] = σ([X, Y ]) for all X, Y ∈ a.

Remark 3.5. In general X ◦ Y is not a vector field (it does not satisfy the Leibniz law).
That is, L(G) is a Lie algebra for the Lie bracket given by [X,Y ] = X ◦ Y − Y ◦X, but its
is not an algebra for ◦.
Remark 3.6. If G is a commutative Lie group then g is a commutative Lie algebra,
justifying the terminology. This can already be proved using local charts, or this follows
directly from (3.9) below. More generally, we will see in Proposition 3.7 below that left-
invariant vector fields X may be identified with tangent vectors x to G. Geometrically,
one can think of a tangent vector x at eG ∈ G as an infinitesimal variation around eG in
some direction X. Call gx the corresponding element of G. Then if y is another tangent
vector, the elements gxgy and gygx are both given in first approximation by gx+y and thus
gxgygx

−1gy
−1 equals to first order eG. Then the bracket [X,Y ] gives the second order term

in this approximation. See Example 3.10 below for a more precise discussion.

We now compare L(G), as a vector space, to the tangent space TeG of G at e,
that we usually denote by g. The following result should not be surprising: a vector
field on G is the smooth choice of a tangent vector at each point x of G. Now for a
left-invariant vector field, this choice of tangent vector at gx is determined (via left
translation) by the choice of tangent vector at x. Since G acts transitively on itself, a
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left-invariant vector field is determined by the choice of a tangent vector at a single
point.

Proposition 3.7. The map θ : L(G) → g, X 7→ Xe is a vector space isomorphism.

Proof. We construct an inverse map η : g → L(G) as follows. If x ∈ g = TeG
then η(x) is the “right convolution by x”, namely the vector field

C∞(G) → C∞(G)

f 7→ f ∗ x,
where

(f ∗ x)(g) = x(Lgf).

for all f ∈ C∞(G). First, we need to check η(x) is indeed a left-invariant vector field
for all x ∈ TeG. The Leibniz law is easily checked. For the left-invariance, we need to
check Ly ◦ η(x) = η(x) ◦ Ly for all y ∈ G, that is

Ly(f ∗ x) = (Lyf) ∗ x
for all f ∈ C∞(G). We have for all g ∈ G

(Ly(f ∗ x))(g) = (f ∗ x)(yg)
= x(Lygf)

= x(Lg ◦ Lyf)
= x(Lyf)(g),

as desired. Next we prove that η ◦ θ = IdL(G) and θ ◦ η = Idg. Indeed, let X ∈ L(G)
then we have for all f ∈ C∞(G) and for all g ∈ G

(η ◦ θ(X)(f))(g) = (f ∗ θ(X))(g) = Xe(Lgf)

= X(Lgf)(e)

= Lg(Xf)(e)

= (Xf)(g),

as desired. On the other hand if x ∈ Te(G) we have

(θ ◦ η(x))(f) = (f ∗ x)(e) = x(Lef) = x(f),

and the proof is complete. □

As a result, we can identify the Lie algebra of G to the vector space g, endowed
with the Lie bracket defined by [θ(X), θ(Y )] = θ([X, Y ]).

Proposition 3.8. Let ϕ : G→ G′ be a morphism of Lie groups. Then deGϕ : g → g′

is a morphism of Lie algebras.
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Remark 3.9. This says that the assignment G 7→ g is a functor from the category of Lie
groups to the category of Lie algebras.

Proof. We first claim that for all f ∈ C∞(G′) and for all x ∈ g we have

(f ◦ ϕ) ∗ x = (f ∗ deGϕ(x)) ◦ ϕ.
Indeed for all g ∈ G we have by definition

((f ◦ ϕ) ∗ x)(g) = x(Lg(f ◦ ϕ))
and

((f ∗ deGϕ(x)) ◦ ϕ)(g) = (deGϕ(x))(Lϕ(g)f)

= x((Lϕ(g)f) ◦ ϕ),
and the claim follows upon observing that Lg(f ◦ ϕ) = (Lϕ(g)f) ◦ ϕ. Now for x, y ∈ g
let x′ = deGϕ(x) and y′ = deGϕ(y). Then we have

[x′, y′](f) = (f ∗ y′ ∗ x′)(eG′)− (f ∗ x′ ∗ y′)(eG′)

= x′(f ∗ y′)− y′(f ∗ x′)
= x((f ∗ y′) ◦ ϕ)− y((f ∗ x′) ◦ ϕ)
= x((f ◦ ϕ) ∗ y)− y((f ◦ ϕ) ∗ x),

where we have used the claim in the last step. On the other hand

(deG [x, y])(f) = (f ◦ ϕ) ∗ [x, y]
= (f ∗ y ∗ x)(eG)− (f ∗ x ∗ y)(eG)
= x((f ◦ ϕ) ∗ y)− y((f ◦ ϕ) ∗ x),

and so we have shown

[deGϕ(x), deGϕ(y)](f) = deG([x, y])(f)

for all f ∈ C∞(G′). □

Example 3.10. SinceGL2(R) is an open subset ofMat2(R), its Lie algebra is gl2 = Mat2(R).
More precisely, if x ∈ Mat2(R) then (recall Example 2.2) we can view x as the element of
gl2 defined by

xf =

(
d

dt
f(I2 + tx)

)
t=0

for all f ∈ C∞(GL2(R)). To calculate the Lie bracket, we can use the map η from the proof
of Proposition 3.7. Namely, the image of x by η is the vector field defined by

(f ∗ x)(g) = x(Lgf) =

(
d

dt
f(g + tgx)

)
t=0

.
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So we need to calculate

(η(x) ◦ η(y)− η(y) ◦ η(x)) (f) = f ∗ y ∗ x− f ∗ x ∗ y.
It is useful to notice that the Taylor expansion of f around g is given by

f(g(1 + tx)) = f(g) + t(f ∗ x)(g) + t2

2

(
d2

dt2
f(g + tgx)

)
t=0

+O(t3)

as t → 0. Thus we have

f(g(1 + ty)(1 + tx)) = f(g) + t(f ∗ x)(g) + t(f ∗ y)(g)
+ t2(f ∗ y ∗ x)(g)

+
t2

2

(
d2

dt2
f(g + tgx)

)
t=0

+
t2

2

(
d2

dt2
f(g + tgy)

)
t=0

+O(t3).

Similarly

f(g(1 + tx)(1 + ty)) = f(g) + t(f ∗ x)(g) + t(f ∗ y)(g)
+ t2(f ∗ x ∗ y)(g)

+
t2

2

(
d2

dt2
f(g + tgx)

)
t=0

+
t2

2

(
d2

dt2
f(g + tgy)

)
t=0

+O(t3).

Subtracting, we obtain

t2(f ∗ y ∗ x− f ∗ x ∗ y)(g) = f(g(1 + ty)(1 + tx))

−f(g(1 + tx)(1 + ty)) +O(t3).
(3.1)

But
(1 + tx)(1 + ty) = (1 + ty)(1 + tx) + t2(xy − yx)

and thus

f(g(1 + ty)(1 + tx)) = f(g(1 + tx)(1 + ty)) + t2(f ∗ (xy − yx))(g(1 + ty)(1 + tx)) +O(t4)

= f(g(1 + tx)(1 + ty)) + t2(f ∗ (xy − yx))(g) +O(t3)

Reporting this in (3.1) we obtain

t2(f ∗ y ∗ x− f ∗ x ∗ y)(g) = t2(f ∗ (xy − yx))(g) +O(t3),

from which we deduce f ∗ y ∗ x− f ∗ x ∗ y = f ∗ (xy − yx) and hence for x, y ∈ gl2 the Lie
bracket is simply given by [x, y] = xy − yx.

Example 3.11. The subgroup SL2(R)of GL2(R) is defined by the equation det g = 1.
Taking the differential of this equation at g = e, we deduce that sl2 is the space of 2× 2
matrices whose trace equals zero. Let ι : SL2(R) → GL2(R) be the inclusion. Then the
map deι is just the inclusion of sl2 in gl2, and in particular the Lie bracket on sl2 is still
given by [x, y] = xy − yx. Needless to say, the same argument works more generally for Lie
subgroups of GLn(R).
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3.1. The exponential map.

Proposition 3.12. Let G be a Lie group and let x ∈ g. Then there exists a unique
morphism of Lie groups θx : R → G such that θ′x(0) = x.

Proof sketch. We start with the uniqueness. Since θx is a morphism of groups we have

(3.2) θx(s+ t) = θx(s)θx(t)

for all s, t ∈ R. Differentiating (3.2) at t = 0 and applying the chain rule we obtain
θ′x(s) = x ◦ Lθ(s) for all s ∈ R. Hence θx is a solution of the system of ordinary
differential equations (satisfying a certain Lipschitz condition) with initial conditions

(3.3)

{
γ′(s) = x ◦ Lγ(s)
γ(0) = e

This proves uniqueness, as well as existence of a solution θx to (3.3) defined in a
neighbourhood of 0. We use (3.2) to extend this solution to all of R. Thus we
have proved that for all x ∈ g there exists a unique θx : R → G satisfying (3.3).
It remains to show θx satisfies (3.2). But for each fixed s ∈ R the curve given by
γ : t 7→ θ(s)−1θ(s + t) also satisfies (3.3) and hence γ = θx, which was the desired
result. □

Remark 3.13. Geometrically, θx(t) is given by following the geodesic passing through eG
with tangent vector x up to time t.

Let G be a Lie group. We define the exponential of x ∈ g as exp(x) = θx(1),
where θx is given by Proposition 3.12. It satisfies

(3.4) exp((s+ t)x) = exp(sx) exp(tx),

which follows from the fact that for all λ ∈ R we have θx(λt) = θλx(t), as can be
checked by replacing x with λx in (3.3).

Remark 3.14. If G = GLn(R) (or some Lie subgroup thereof), so that g = Matn(R) (or a
subalgebra) then the exponential map is just the usual matrix exponential given by

exp(x) =
∞∑
k=0

1

k!
xk.

In Proposition 3.8 we have already seen that if ϕ : G→ G′ is a morphism of Lie
groups then deGϕ : g → g′ is a morphism of Lie algebras. We supplement this result
with the following.



20 FÉLICIEN COMTAT

Lemma 3.15. Let ϕ : G→ G′ be a morphism of Lie groups. Then for all x ∈ g we
have

ϕ(exp(x)) = exp(deGϕ(x)).

Proof. Let x ∈ g. Then the map θ : R → G′ : t 7→ ϕ(exp(tx)) is a morphism of Lie
groups satisfying θ′(0) = deGϕ(x). Thus by Proposition 3.12 and by definition of the
exponential we have exp(deGϕ(x)) = θ(1) = ϕ(exp(x)) as claimed. □

Proposition 3.16. Let G be a Lie group. There exists an open neighbourhood N0

of 0 in g and an open neighbourhood Ne of e such that the exponential map induces a
diffeomorphism from N0 to Ne.

Proof. Let (U,φ) be a local chart around e, such that φ(e) = 0. Consider the map
ψ : (t, x) 7→ φ ◦ θx(t), where θx is the map from Proposition 3.12. Fix t > 0. Then for
all sufficiently small s we have

(3.5) ψ(st, x) = ψ(t, sx).

Denote by D0 the derivative with respect to the first coordinate, and observe that by
definition we have

(3.6) (D0ψ)(0, x) = deφ(x).

Fix a basis (b1, · · · , bn) of g and for 1 ≤ i ≤ n = dim(G) denote by xi the i-th
coordinate, and by Di the derivative with respect to xi. Differentiating (3.5) twice
with respect to s we obtain

(3.7) t2(D2
0ψ)(st, x) =

n∑
i,j=1

xixj(DiDjψ)(t, sx).

Taylor expansion and the mean value theorem imply that there exists t∗ ∈ [0, t] such
that

(3.8) ψ(t, x) = t(D0ψ)(0, x) +
t2

2
(D2

0)(t
∗, x).

Combining (3.6), (3.7) and (3.8), we obtain

ψ(t, x) = tdeφ(x) +
1

2

n∑
i,j=1

xixj(DiDjψ)

(
t,
t∗

t
x

)
.

This shows that the map x 7→ ψ(t, x) is differentiable, and its differential is given
by tdeφ, which is invertible for t ̸= 0. In particular taking t = 1 establishes the
result. □
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Corollary 3.17. Let G be a connected Abelian Lie group. Then exp is an surjective
morphism of Lie groups between the group (g,+) and G.

Proof. Since G is commutative, it is easy to verify that given x, y ∈ g the map θ : R →
G : t 7→ exp(tx) exp(ty) is a morphism of Lie groups. One verifies that θ′(0) = x+ y,
and thus by definition of the exponential we have exp(x) exp(y) = θ(1) = exp(x+ y)
as claimed. The surjectivity follows from Proposition 3.16 and the fact that if G is a
connected topological group and if H is a subgroup containing a non-empty open
subset of G then H = G. □

3.2. Differential operators. Proposition 3.7 allows us to identify the Lie algebra g
of a Lie group G with left-invariant vector fields. These are given in local charts by
some differential operators, but we can now make things more precise and coordinate-
free. Namely, let X ∈ L(G). By definition we have

(
d
dt
exp(tXe)

)
t=0

= Xe and thus
for any f ∈ C∞(G)(

d

dt
f(g exp tXe)

)
t=0

=

(
d

dt
(Lgf)(exp tX)

)
t=0

= de(Lgf)(Xe)

= Xe(Lgf)

= Lg(Xef),

and thus we have obtained the formula

(3.9) (Xf)(g) =

(
d

dt
f(g exp tXe)

)
t=0

.

We let D(G) be the algebra of left-invariant differential operators on C∞(G),
that is the algebra over R generated by all the left-invariant vector fields on G as
well as the identity. A classical result is that D(G) is isomorphic to the universal
enveloping algebra of g, but we won’t prove this here (or indeed define the universal
enveloping algebra).

We will however see that there is a linear isomorphism between D(G) (as a
vector space) and the underlying vector space of the so-called symmetric algebra
S(g). If V is a finite-dimensional real vector space, a polynomial function on V is
a real-valued function on V given by v 7→ P (ℓ1(v), · · · , ℓm(v)) where ℓ1, · · · , ℓm are
linear forms on V , and P ∈ R[X1, · · · , Xm] for some integer m. Then the symmetric
algebra S(V ) is the commutative algebra of polynomial functions on the dual V ∗ of
V . If X1, · · · , Xn, is a basis of V , then identifying V with its bidual, the symmetric
algebra may be identified with R[X1, · · · , Xn]. Fix a basis X1, · · · , Xn of L(G). If
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t = (t1, · · · , tn) ∈ Rn, let X(t) = t1X1 + · · · + tnXn and if m = (m1, · · · ,mn) is a
tuple of non-negative integers let m = m1 + · · ·+mn and let Xm be the coefficient of
tm1
1 · · · tmn

n in X(t)m.

Lemma 3.18. The elements Xm, where m = (m1, · · · ,mn) is a tuple of non-negative
integers are linearly independent.

Proof. Using (3.4), (3.9) and induction, we have for all X ∈ L(G), for all f ∈ C∞(G)
and for all integer m ≥ 0

(3.10) (Xmf)(g) =

(
dm

dtm
f(g exp tXe)

)
t=0

.

On the other hand if h : Rn → C is any smooth function and F (t) = h(tt1, · · · , ttn)
then by induction we have

(3.11)
dm

dtm
F (t) =

∑
m1+···+mn=m

m!

m1! · · ·mn!
tm1
1 · · · tmn

n (Dm1
1 · · ·Dmn

n h)(tt1, · · · ttn),

where Di is the derivative with respect to the i-th variable. Now applying the above
with X = X(t) = t1X1 + · · ·+ tnXn and h(t) = f(g exp tXe) , we obtain

(X(t)mf)(g) =
∑

m1+···+mn=m

tm1
1 · · · tmn

n Xmf(g) =

∑
m1+···+mn=m

m!

m1! · · ·mn!
tm1
1 · · · tmn

n

(
∂m

∂tm1
1 · · · ∂tmn

n

f(g expX(t)e)

)
t1=···=tn=0

.

Identifying the coefficients of tm1
1 · · · tmn

n we deduce

(3.12) (Xmf)(g) =
m!

m1! · · ·mn!

(
∂m

∂tm1
1 · · · ∂tmn

n

f(g expX(t)e)

)
t1=···=tn=0

.

By Proposition 3.16, this proves that the elements Xm are linearly independent. □

Corollary 3.19. The following are basis of D(G)

(1) the elements Xe1
1 · · ·Xen

n , where e1, · · · , en are non-negative integers,
(2) the elements Xm, where m = (m1, · · · ,mn) is a tuple of non-negative integers.

Proof. By definition, D(G) is spanned by expressions of the form

Xe11
1 · · ·Xen1

n · · ·Xe1r
1 · · ·Xenr

n .
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Using the fact thatXiXj = [Xi, Xj ]+XjXi and [Xi, Xj ] ∈ L(G), each such expression
can be written as a linear combination of elements Xe1

1 · · ·Xen
n with

(3.13)
n∑
i=1

ei ≤
n∑
i=1

r∑
j=1

eij.

In particular (3.13) implies that Xm ∈ Span{Xe1
1 · · ·Xen

n : e1 + · · · + en ≤ m} and
thus

(3.14) Span{Xm : m1 + · · ·+mn ≤ m} ⊂ Span{Xe1
1 · · ·Xen

n : e1 + · · ·+ en ≤ m}.
Since

#{Xe1
1 · · ·Xen

n : e1 + · · ·+ en ≤ m} ≤ #{Xm : m1 + · · ·+mn ≤ m}
and the set on the right hand side consists of linearly independent vectors by
Lemma 3.18, the reverse inclusion holds as well in (3.14), which establishes the
corollary. □

Identifying L(G) with g, Corollary 3.19 implies that the vector spaces S(g) and
D(G) are isomorphic to each other (but in general not as algebras). A particularly
nice isomorphism between S(g) and D(G) the so-called symmetrisation σ, given by
the following result.

Corollary 3.20. There exists a unique linear bijection σ : S(g) → D(G) such that

(3.15) σ(Xm) = σ(X)m

for all X ∈ g and for all non-negative integer m. Moreover if P (X1, · · · , Xn) ∈ S(g)
and f ∈ C∞(G) then we have

(3.16) (σ(P )f)(g) = P (D1, · · · , Dn)f(g exp(t1X1 + · · ·+ tnXn))t=0,

where Di =
∂
∂ti

.

Proof. By induction we see that the requirement (3.15) is equivalent to

(3.17)
m!

m1! · · ·mn!
σ(Xm1

1 · · ·Xmn
n ) = Xm.

for all tuple of non-negative integers m. So defining σ by (3.17), Corollary 3.19
implies that σ sends a basis of S(g) to a basis of D(G) and hence defines a linear
isomorphism. Claim (3.16) then follows directly by (3.12). □

In particular we can define the degree of a differential operator by

deg(σ(P )) = deg(P )
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for all P ∈ S(g).

3.3. The subgroup–subalgebra correspondence. We haven’t yet properly defined
the notion of a Lie subgroup. If G is a Lie group then a Lie subgroup of G is a
submanifold of H that is

(1) a subgroup of G,
(2) and a topological group.

Remark 3.21. Recall that by submanifold we mean immersed submanifold. In particular
the topology on H may not be the subspace topology induced from G. For an example, see
Remark 3.23 below.

To check that H is indeed a Lie group, we need to check the inversion H → H and the
multiplication H ×H → H are smooth maps. Since H is a topological group, these
maps are continuous. On the other hand, they are the restriction of the inversion and
multiplication on G, which are smooth. By Lemma 2.6 we deduce that the inversion
and multiplication on H are indeed smooth maps.

Theorem 3.22. Let G be a Lie group and g be its Lie algebra. Then given a Lie
subgroup H of G, the Lie algebra h of H is a subalgebra of g. On the other hand,
every subalgebra of g is the Lie algebra of a unique connected Lie subgroup of G.

Proof sketch. Let H be a Lie subgroup of G and let ι be the inclusion of H in G.
By Proposition 3.8, dιeG is a morphism of Lie algebras from h to g. Since H is a
submanifold, dιeG is injective, and hence we might identify h with its image in g
via dιeG . Now let h be any subalgebra of g. Let H be the smallest subgroup of G
containing exp(h). To define a topology onH, we let a basis of open neighbourhoods U
of e in H be defined by U = exp(h∩N), where N is a small neighbourhood of 0 in g.
One needs to check that this makes H a Lie subgroup of G. We omit the details, and
we refer the reader to [Hel01, Chapter II, §2, Th. 2.1]. To prove that the Lie algebra
of H is h, observe that if X ∈ h then the map R → H : t 7→ exp(tX) is continuous,
by Lemma 2.6 it is therefore smooth, and differentiating at t = 0 we conclude that
X belongs to the Lie algebra of H. Hence h ⊂ L(H). On the other hand we have
dimH = dim h and thus the equality is proved. Moreover H is connected since it
is generated by exp h which is a connected neighbourhood of e in H. To prove the
uniqueness, observe that if H1 is a subgroup of G whose Lie algebra is h then we must
have exp(h) ⊂ H1 and thus H ⊂ H1. Hence assuming moreover that H1 is connected,
then H = H1 set-theoretically. But since the exponential is a diffeomorphism of a
neighbourhood of 0 in h onto a neighbourhood of e in H and H1, we have H = H1 as
Lie groups. □
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Remark 3.23. This theorem is the reason why we have defined submanifolds as immersed
submanifolds rather than embedded submanifolds. Indeed, consider the Lie group G =
(R/Z)2. Its Lie algebra is g = R2, and the exponential map is given by (x, y) 7→ (x mod Z, y
mod Z). The non-trivial Lie algebras of g are the lines ax + by = 0. The corresponding
subgroup in G is the reduction of this line modulo Z× Z. In particular if b ̸= 0 and a

b is
irrational, this subgroup is dense in G and is in particular not an embedded submanifold.

An important by-product of the proof of Theorem 3.22 is that given a Lie group G
with Lie algebra g and given a Lie subalgebra h ⊂ g, the unique connected Lie
subgroup H ⊂ G with Lie algebra h is generated by the elements exp(X) where
X ∈ h. We give a kind of converse.

Proposition 3.24. Let G be a Lie group and let H be a Lie subgroup with respec-
tive Lie algebras g and h. Assume that H has at most countably many connected
components. Then

h = {X ∈ g : exp(tX) ∈ H for all t ∈ R}.

We omit the proof and we refer to [Hel01, Chapter II, §2, Prop. 2.7]. Furthermore
we have the following.

Theorem 3.25 (Cartan). Let G be a Lie group and let H be an abstract subgroup
of G that is also a closed subset of G. Then H is a Lie subgroup of G.

Remark 3.26. In fact Cartan’s theorem gives a more precise statement, however the above
will be sufficient for us.

Proof idea. We again only give a very rough sketch, and we refer the reader to [Hel01,
Chapter II, §2, Th. 2.3] for the details. On lets

h = {X ∈ g : exp(tX) ∈ H for all t ∈ R}.
Using that H is closed, one shows that h is a subalgebra of g. Thus by Theorem 3.22
there is a unique connected subgroup H⋆ of G whose Lie algebra is h. One then
shows that H⋆ equals the connected component of the identity in H (for the relative
topology of G). □

Finally we prove the following.

Lemma 3.27. Let G be a connected Lie group and let ϕ : G→ G′ be a morphism of
Lie groups. Then the image ϕ(G) is a Lie subgroup of G′ with Lie algebra deGϕ(g) ⊂ g′.

Proof. Since G is connected, it is generated by the elements exp(X), where X ∈ g.
Thus the group ϕ(G) is generated by the elements ϕ(exp(X)). On the other hand the
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connected subgroup of G′ whose Lie algebra is deGϕ(g) is generated by the elements
exp(deGϕ(X)), where X ∈ g. By Lemma 3.15 we have ϕ(exp(X)) = exp(deGϕ(X))
and the result is proved. □

4. Structure of semisimple Lie groups and Lie algebras

In the sequel we shall need a robust understanding of the structure of semisimple
Lie groups G, and of their algebra of differential operators. We start with (defining
and) studying semisimple Lie algebras, which will allow us to derive information on
semisimple Lie groups using Theorem 3.22.

4.1. Structure of semisimple Lie algebras. Let g be a finite-dimensional Lie
algebra. Given X ∈ g we define an endomorphism adg(X) ∈ End(g) by adg(X)(Y ) =
[X, Y ]. When the Lie algebra g is clear from the context, we shall omit it from the
notation. Note that for all X, Y, Z ∈ g we have by the Jacobi identity

ad([Y, Z])(X) = [[Y, Z], X]

= [Y, [Z,X]] + [Z, [X, Y ]]

= (ad(Y ) ◦ ad(Z)− ad(Z) ◦ ad(Y ))(X)

(4.1)

Moreover if σ is an automorphism of g then for all X, Y ∈ g we have

(4.2) ad(σX)(Y ) = [σX, Y ] = σ[X, σ−1Y ] = σ ◦ ad(X) ◦ σ−1(Y )

We then define a symmetric bilinear form B on g by B(X, Y ) = tr(ad(X) ◦ ad(Y )).
The bilinear form B is called the Killing form of g. We note the following properties
of the Killing form. Using (4.2) and tr(σ ◦ ad(X) ◦ ad(Y ) ◦ σ−1) = tr(ad(X) ◦ ad(Y ))
we have

(4.3) B(σX, σY ) = B(X, Y ).

Moreover using (4.1) and tr(ABC) = tr(BCA) = tr(CAB) we have

B(X, [Y, Z]) = tr(ad(X) ◦ ad(Y ) ◦ ad(Z)− ad(X) ◦ ad(Z) ◦ ad(Y ))

= B(Y, [Z,X]) = B(Z, [X, Y ]).
(4.4)

Example 4.1. Consider the case of gln. It is a vector space of dimension n2, and a basis is
given by (Eij)1≤i,j≤n, where Eij is the matrix whose only non-zero entry is on line i and
column j, and equals 1. Then we have

ad(X) ◦ ad(Y )(Eij) = XY Eij + EijY X −XEijY − Y EijX.

The (i, j)-th entry of this matrix is given by (XY )ii+(Y X)jj−XiiYjj−YiiXjj and summing
this over 1 ≤ i, j ≤ n we obtain B(X,Y ) = 2n tr(XY )− 2 tr(X) tr(Y ).
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Remark 4.2. Note that in general the Killing form of a Lie subalgebra b might not be the
restriction of the Killing form of g to b. However if b is an ideal (that is to say [b, g] ⊂ b)

then for any X ∈ b the matrix of the endomorphism ad(X) is of the form
[
ad(X)|b ∗

0 0

]
from

which follows that in this case, the Killing form of b is indeed given by the restriction of
the Killing form of g. In particular the Lie algebra sln consisting of matrices whose trace is
zero is an ideal of gln and hence its Killing form is given by B(X,Y ) = 2n tr(XY ).

Recall that a bilinear form B on a finite-dimensional space is degenerate if there
exists a non-zero vector X ∈ V such that B(X, Y ) = 0 for all Y ∈ X. Otherwise B
is nondegenerate. The Lie algebra g is called semisimple if the Killing form B is
nondegenerate.

Remark 4.3. If Z belongs to the centre of g then by definition ad(Z) = 0 and hence
B(Z,X) = 0 for all X ∈ g. Thus semisimple Lie algebras have trivial centre. In particular
gln is not semisimple (but sln is since B(X,Eij) = 2nXji for all X ∈ sln).

An automorphism θ : g → g such that θ ◦ θ = Idg is called a Cartan involution
of g if the bilinear form given by Bθ(X, Y ) = −B(X, θY ) is positive definite on g.

Theorem 4.4. Let g be a semisimple Lie algebra. Then a Cartan involution for g
exists. Moreover any two Cartan involution for g are conjugate to each other by an
element of GL(g).

Proving this theorem would go beyond the scope of this course. For a proof, we
refer the reader to [Wis01].

Example 4.5. In the case of sln we claim that θ(X) = −tX is a Cartan involution. Indeed,
θ is clearly an involutive automorphism of sln, and for all X ∈ gln \ {0} we have

Bθ(X,X) = 2n
n∑
i=1

n∑
j=1

X2
ij > 0.

In the remainder of the course we shall only use the existence of a Cartan involution, and
thus if we are willing to restrict ourselves to g = sln then Theorem 4.4 is not needed.

Now let g be a semisimple Lie algebra, and let θ be a Cartan involution. Then
by (4.3), θ is self-adjoint with respect to the Killing form. Hence we have a B-
orthogonal decomposition

(4.5) g = p⊕ k,

where p is the −1-eigenspace of θ and k is the 1-eigenspace of θ. Note that k is in
particular a Lie subalgebra of g (but p is not). The decomposition (4.5) is called the
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Cartan decomposition. Let Z ∈ p. Then by (4.4) we have

Bθ(Y, [Z,X]) = B(Y, [Z, θX])

= B(θX, [Y, Z]) = Bθ(X, [Z, Y ])

and thus the operator ad(Z) is self-adjoint with respect to Bθ. Similarly if Z ∈ k
then ad(Z) is an anti-symmetric operator.

Example 4.6. For g = sln we have seen that θ(X) is given by −tX. Thus in this cases, p
consists of those matrices in g that are symmetric, and k is given by the anti-symmetric
matrices.

Now let a ⊂ p be a maximal commutative Lie subalgebra. Then the operators
{ad(H) : H ∈ a} commute with each other, as seen from (4.1). Furthermore they are
self-adjoint with respect to Bθ, and in particular they are diagonalisable. We recall
the following theorem from linear algebra.

Theorem 4.7. Let V be a finite dimensional real vector space endowed with a inner
product and let F be a family of self-adjoint endomorphisms of V that commute
pairwise. Then V has an orthonormal basis consisting of vectors that are eigenvectors
of every T ∈ F.

For every λ ∈ a∗ let

gλ = {X ∈ g : [H,X] = λ(H)X for all H ∈ a}.
Then λ is called a root if λ ̸= 0 and gλ ̸= {0}. If λ is a root and v ∈ gλ, then v is
called a root vector. Then by Theorem 4.7 we have a Bθ-orthogonal sum

(4.6) g = g0 ⊕
⊕
λ∈Σ

gλ,

where Σ is the set of roots.

Remark 4.8. Let α be a root and let Xα ∈ gα. Then given H ∈ a we have θ([H,Xα]) =
[θ(H), θ(Xα)]. Since H ∈ a ⊂ p we have θ(H) = −H and thus we obtain α(H)θ(Xα) =
−[H, θ(Xα)], which says that θ(Xα) is a root vector for −α.

For each root α the set Sα = {H ∈ a : α(H) = 0} is an hyperplane in a. We
say an element H ∈ a is singular if H ∈ Sα for some α ∈ Σ, and H is regular
otherwise. Thus the set of regular elements in a is the union of finitely many convex,
open connected components, called Weyl chambers. We fix once and for all a Weyl
chamber a+ ⊂ a. In particular given any root α ∈ Σ we either have α(H) > 0 for all
H ∈ a+ or α(H) < 0 for all H ∈ a+. In the first case we say α is a positive root,
otherwise we say α is negative. A positive root is simple if it is not the sum of two
positive roots. Let us denote by Σ+ the set of positive roots.
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Theorem 4.9 (Iwasawa decomposition). Let n =
⊕

α∈Σ+ gα. Then n is a subalgebra
of g, and [a, n] ⊂ n. Moreover we have

g = n⊕ a⊕ k.

Proof. Let α, β be any two roots and let Xα ∈ gα and Xβ ∈ gβ. Let H ∈ a. Then by
the Jacobi identity we have

[H, [Xα, Xβ]] = −[Xα, [Xβ, H]]− [Xβ, [H,Xα]]

= β(H)[Xα, Xβ]− α(H)[Xβ, Xα] = (α + β)(H)[Xα, Xβ].

Thus

(4.7) [Xα, Xβ] ∈ gα+β.

In particular if α, β are positive roots then either α + β is also a positive root or
gα+β = {0}. Now using bilinearity it is easy to check that [n, n] ⊂ n. The fact that
[a, n] ⊂ n is obvious from the definition of root spaces. In view of (4.5), to prove the
last statement, it suffices suffices to show that any X ∈ p can be written in a unique
way as

(4.8) X = N +H + Z

with N ∈ n, H ∈ a and Z ∈ k. From (4.6) and by Remark 4.8 we have

(4.9) g = g0 ⊕ n⊕ θ(n).

In particular any X ∈ p can be written as X = X0 + N1 + θ(N2) with X0 ∈ g0
and N1, N2 ∈ n. But then we have −X = θ(X) = θ(X0) + θ(N1) +N2, from which
we deduce N1 = −N2 and θ(X0) = −X0, that is X0 ∈ p. On the other hand we
have [a, X0] = 0 and thus by maximality of a we have X0 ∈ a. Thus we can take
N = 2N1, H = X0 and Z = −(N1 + θ(N1)) ∈ k in (4.8). To show uniqueness, we
have −X = θ(X) = θ(N)−H +Z from which follows Z = −1

2
(N + θ(N)) and hence

X = H + 1
2
N − 1

2
θ(N) and since the sum (4.9) is direct we are done. □

Remark 4.10. Let q be the B-orthogonal complement of a in p. Then as a by-product of
the proof we have shown that the map N 7→ N − θ(N) is an isomorphism between n and q
(recall that a and n are orthogonal to each other).

Example 4.11. Consider g = sln with the Cartan involution given by X 7→ −tX. Then it is
easily checked that the set a of diagonal matrices in g is a maximal abelian subspace of p. Now
if H ∈ a has diagonal entries Hi and X ∈ g then the (i, j)-th entry of [H,X] = HX −XH
is given by (Hi−Hj)Xij . Thus we see that the roots are the linear maps αij : H 7→ Hi−Hj

where i ̸= j, and Eij is a root vector for αij . The regular elements in a are those whose
diagonal entries are pairwise distinct, and in particular a choice of a positive Weyl chamber
is given by a+ = {H ∈ a : H1 > H2 > · · · > Hn}. Given this choice, the root αij is positive
if and only if j > i. Thus in this case n consists of all the strictly upper triangular matrices.
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Later on we shall need the following.

Proposition 4.12. Any linear form on a is a linear combination of simple roots.

Proof. The Killing form is positive-definite on a ⊂ p. Thus for any linear form λ
on a there exists Aλ ∈ a such that λ(H) = B(Aλ, H) for all H ∈ a. It suffices to
show that a is spanned by the elements Aα, where α ranges over the simple roots, or
equivalently, over all the roots. Assume H0 ∈ a is orthogonal to each Aα. Then for
any root vector Xα we have adH0(Xα) = 0 and thus adH0 is identically zero on g.
But then Bθ(H0, H0) = − tr(adH0 ◦ ad θH0) = 0 and hence H0 = 0. □

4.2. The adjoint group. Our aim is to use the structure theory of semisimple Lie
algebra to establish analogous results at the level of Lie groups. However we need a
bit of preparation. While general Lie groups are abstract manifolds, Lie subgroups of
GLn(R) have a concrete realisation as matrix groups, which makes them easier to
study. To any Lie group G we will attach such a matrix group, the adjoint group
of G. Furthermore for connected Lie groups, we do not lose too much information by
passing from G to its adjoint group – namely we only kill the centre of G.

Let G be any Lie group. For g ∈ G consider the smooth map IG(g) : G → G :
x 7→ gxg−1. Let us denote its differential by AdG(g) = deGIG(g), so AdG(g) ∈ GL(g),
and in fact AdG is a representation of G on the vector space g. We call AdG(G) the
adjoint group of G. By Lemma 3.15 we have

(4.10) exp(AdG(g)X) = g exp(X)g−1

for all g ∈ G and for all X ∈ g.

Remark 4.13. Assume that G is connected. Then G is generated by the elements exp(X)
where X ∈ g. Hence by (4.10) the kernel of Ad is the centre ZG of G.

Furthermore the map AdG is smooth and by differentiation we have

(4.11) deG AdG = adg

(for the details see [Hel01, Chap. II §5]). Now GL(g) is a Lie group whose Lie algebra
is End(g), and adg(g) is a subalgebra of End(g).

Remark 4.14. Assume G is connected. Using Lemma 3.27 equation (4.11) implies that
the Lie algebra of AdG(G) is adg(g). We also note that by Lemma 3.15 the identity (4.11)
above implies

(4.12) AdG(expX) = exp(adgX)

for all X ∈ g.
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Lemma 4.15. Let G be a connected Lie group whose Lie algebra is commutative.
Then G is commutative.

Proof. Let X, Y ∈ g and let g = exp(Y ), h = exp(X). Then by (4.12) we have

AdG(g) = exp(adg Y ) = exp(0) = Idg .

Thus by (4.10)

ghg−1 = exp(AdG(g)X) = exp(X) = h.

Since G is generated by exp(g) the result follows. □

In between AdG(G) and GL(g) there is the group Aut(g) of automorphisms of g.
It is a closed subgroup of GL(g) and thus by Cartan’s Theorem 3.25 it is also a Lie
subgroup. We now identify its Lie algebra. A derivation of g is an endomorphism
D : g → g satisfying

D[X, Y ] = [DX, Y ] + [X,DY ]

for all X, Y ∈ g.

Proposition 4.16. Let g be any finite-dimensional Lie algebra. The Lie algebra of
Aut(g) is the algebra ∂(g) of derivations on g.

Proof. If D ∈ L(Aut(g)) then for all t ∈ R we have exp(tD) ∈ Aut(g), that is
exp(tD)[X, Y ] = [exp(tD)X, exp(tD)Y ] for all X, Y ∈ g. Differentiating with respect
to t we obtain D[X, Y ] = [DX, Y ] + [X,DY ], that is, D is a derivation. Conversely
if D is any derivation then by induction we have

(4.13) Dk[X, Y ] =
∑
i+j=k

k!

i!j!
[DiX,Djy]

for all X, Y ∈ g and for all natural number k. By Remark 3.14 we have

exp(tD) =
∞∑
k=0

tk

k!
Dk

for all t ∈ R, and thus (4.13) implies exp(tD)[X, Y ] = [exp(tD)X, exp(tD)Y ] for all
X, Y ∈ g, that is exp(tD) ∈ Aut(g) for all t ∈ R. By Proposition 3.24 we conclude
D ∈ ∂(g). □

To summarise, we have the following inclusions of Lie groups and Lie algebras.

AdG(G) ⊂ Aut(g) ⊂ GL(g)
adg(g) ⊂ ∂(g) ⊂ End(g).
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Lemma 4.17. Let g be a semisimple Lie algebra. Then ad(g) = ∂(g).

Proof. Since g is semisimple, we have ker(ad) = {0} and thus ad(g) is isomorphic
to g, and in particular semisimple. Next if D ∈ ∂(g) then for all X, Y ∈ g we have

ad(DX)(Y ) = [DX, Y ] = D[X, Y ]− [X,DY ]

= (D ◦ adX)(Y )− (adX ◦D)(Y ) = [D, adX](Y ).

This shows that ad(g) is an ideal in ∂(g). Let b be its orthogonal complement for the
Killing form B of ∂(g). By (4.4) if X ∈ b then for all Y ∈ ∂(g) and for all Z ∈ ad(g)
we have

0 = B(X, [Y, Z]) = B(Z, [X, Y ])

and thus [X, Y ] ∈ b, that is b is also an ideal. By Remark 4.2 b∩ ad(g) is orthogonal
to ad(g) with respect to the Killing form on ad(g). Since ad(g) is semisimple it follows
that b∩ ad(g) = {0}. Thus if D ∈ b and X ∈ g then we have ad(DX) = [D, adX] ∈
b ∩ ad(g) = {0}. Using again that g is semisimple we have DX = 0 for all X ∈ g,
that is D = 0. Therefore b = {0}, which implies ad(g) = ∂(g). □

Corollary 4.18. Let G be a connected Lie group with Lie algebra g. Assume g is
semisimple. Then AdG(G) is the connected component of the identity in Aut(g).

4.3. Structure of semisimple Lie groups. The Lie group G is semisimple if
its Lie algebra g is semisimple. Let us fix a semisimple Lie group G and let us
retain notations from Section 4.1. By Theorem 3.22 there is a unique connected Lie
subgroup K of G that has Lie algebra k.

Lemma 4.19. Let G be a connected semisimple Lie group. The group AdG(K) is
compact.

Proof. Let Aut(k; g) be the subgroup of Aut(g) that preserve k. If σ ∈ Aut(k; g) then
by (4.3) for all X ∈ p and for all Y ∈ k we have B(X, σY ) = B(σ−1X, Y ) = 0 and
thus σY ∈ k⊥ = p. Thus using (4.3) again we have

Aut(k; g) ⊂ OB(k)×OB(p),

where OB(k) (respectively OB(p)) is the group of isometries of k (resp. p) with respect
to the Killing form B. Since B is definite both on k and on p the groups OB(k)
and OB(p) are compact, and so is OB(k)×OB(p). Now Aut(k; g) is a closed subgroup
of GL(g), thus it is also closed in OB(k)×OB(p), and hence compact. Using (4.11)
and Lemma 3.27 the Lie algebra of AdG(K) is adg(k). Let ∂(k; g) be the subalgebra
of those derivations D of g that preserve k. We claim that adg(k) = ∂(k; g). The
inclusion adg(k) ⊂ ∂(k; g) is obvious. Conversely if D ∈ ∂(k; g) then by Lemma 4.17
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we have D = adg(X) for some X ∈ g such that [X, Y ] ∈ k for all Y ∈ k. Write
X = Xp +Xk with Xp ∈ p and Xk ∈ k. Then we have

[Xk, Y ] + [Xp, Y ] = [X, Y ] = θ[X, Y ] = [θX, θY ] = [Xk, Y ]− [Xp, Y ]

from which we deduce [Xp, Y ] = 0 for all Y ∈ k, and hence D = adg(Xk). Next
the same argument as in Proposition 4.16 shows that ∂(k; g) is the Lie algebra of
Aut(k; g). Hence AdG(K) is the connected component of the identity in Aut(k; g),
and in particular it is closed in Aut(k; g). Thus AdG(K) is compact, as claimed. □

Proposition 4.20. Let G be a connected semisimple Lie group with finite centre.
The group K defined above is compact.

Proof. By Remark 4.13 we have AdG(K) ≃ K/(ZG ∩ K) and since ZG is finite it
follows by Lemma 4.19 that K is compact. □

Remark 4.21. In fact, under the same assumptions it can be shown thatK = Ad−1
G (AdG(K)),

which implies in particular that ZG ⊂ K. This follows from the Cartan decomposition
(Theorem 4.25 below), but we will not prove this here.

Example 4.22. Let G = SL2(R). Then g = sl2 = ⟨e1, e2, e3⟩ where e1 =
[

0 1
−1 0

]
, e2 = [ 0 1

1 0 ]

and e3 =
[
1
−1

]
. Then k = Re1 and K = SO2(R). Let k =

[
cos θ sin θ
− sin θ cos θ

]
∈ K. Then we have

k(I2 + he1)k
−1 = I2 + he1,

k(I2 + he2)k
−1 = I2 + h

[
2 cos θ sin θ cos2 θ−sin2 θ
cos2 θ−sin2 θ −2 cos θ sin θ

]
,

k(I2 + he3)k
−1 = I2 + h

[
cos2 θ−sin2 θ −2 cos θ sin θ
−2 cos θ sin θ sin2 θ−cos2 θ

]
,

from which follows that the matrix of AdG(k) in the basis (e1, e2, e3) is given by1 0 0
0 cos2 θ − sin2 θ 2 cos θ sin θ
0 −2 cos θ sin θ cos2 θ − sin2 θ

 =

1 0 0
0 cos(2θ) sin(2θ)
0 − sin(2θ) cos(2θ)

 .

So the restriction of AdG to K may be thought of as the map SO2(R) → SO2(R) : k 7→ k2.
Its kernel is {I2,−I2} = ZSL2(R).

4.3.1. The Iwasawa decomposition. In order to deduce the Iwasawa decomposition at
the level of the Lie group from the Iwasawa decomposition of its Lie algebra we first
need to following lemma.

Lemma 4.23. Let G be any Lie group and let g be its Lie algebra. Suppose g = s⊕ h
where s and h are Lie subalgebras. Let S and H be the connected Lie subgroups of G
with Lie algebras s and h respectively. Then the map

m : S ×H → G : (s, h) 7→ sh
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is regular.

Proof. Given s ∈ S and h ∈ H we have

TsS = deℓss, ThH = deℓhh, TshG = deℓshg

Furthermore we may identify

T(s,h)(S ×H) ∼= TsS ⊕ ThH.

Now given X ∈ s and Y ∈ h we have

m(s exp(tX), h) = sh exp(tAd(h−1Y )),

m(s, h exp(tY )) = sh exp(tY ),

from which follows that

d(s,h)m(deℓsX, deℓhY ) = deℓsh(Ad(h
−1)X + Y ).

Now if Ad(h−1)X + Y = 0 then X + Ad(h)Y = 0 and since Ad(h)Y ∈ h it follows
that X = Y = 0. □

Theorem 4.24 (Iwasawa decomposition). Let G be a connected semisimple Lie group
with finite centre. Let g be the Lie algebra of G and let

g = n⊕ a⊕ k

be an Iwasawa decomposition. Let N,A,K be the connected subgroups of G with Lie
algebras n, a, k respectively. The group A normalises N . Moreover the map

N × A×K → G

(n, a, k) 7→ nak

is a diffeomorphism from N × A×K onto G.

Proof sketch. The proof proceeds in two steps: one first proves the theorem for the
adjoint group AdG(G), then one “lifts” the result to the group G. We only present
a sketch of the first step. For more details, we refer the reader to [Hel62, Chap.
VI, § 5, Thm 5.1] or [Kna02, Theorem 6.46]. Let Ḡ = AdG(G), N̄ = AdG(N),
Ā = AdG(A), K̄ = AdG(K). We recall that Ḡ is a closed subgroup of GL(g) First,
we argue that Ā normalises N̄ . To show this, let H ∈ adg(a) and X ∈ adg(n). Let
a = exp(H). By (4.10) we have

a−1(expX)a = exp(AdG(a)X).

Now by (4.12) we have

AdG(a)(X) = exp(adgH)(X).
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Now since [adg(a), adg(n)] ⊂ adg(n) we have (adgH)k(X) ∈ adg(n) for all integer k
and thus by Remark 3.14 it follows that AdG(a)(X) ∈ adg(n). Hence

a−1 exp(X)a ∈ exp(adg(n)) ⊂ N̄

as desired. It particular, it follows that N̄Ā is a subgroup of G. Next we argue N̄Ā is
a closed subgroup. Pick a basis B of g consisting of root vectors and of elements of g0.
Then for H ∈ a the matrix of adgH in the basis B is diagonal. By Remark 3.14 it
easily follows that Ā is a closed subgroup of GL(g) and hence of Ḡ. Similarly, using
that

[gα, gβ] ⊂ gα+β,

we may order B in such a way that for all X ∈ n the matrix of X is upper triangular
with zeroes on the diagonal. Now letting T be the Lie algebra of all upper triangular
matrices with zeroes on the diagonal, one can check that exp(T ) is a closed subgroup
of GL(g) (consisting of upper triangular matrices with ones on the diagonal), and
thus N̄ = Ḡ ∩ exp(T ) is closed in Ḡ. To deduce N̄Ā is closed, let g = limm nmam
with am ∈ Ā and nm ∈ N̄ . Let a be the diagonal matrix with the same diagonal
entries as g. Then limm am = a and since Ā being closed, we have a ∈ Ā. Moreover
ga−1 = limm nm ∈ N̄ since N̄ is closed. Since N̄Ā is a closed subgroup of Ḡ, we
conclude by Cartan’s Theorem 3.25 that N̄Ā is a Lie subgroup of Ḡ. In particular
the multiplication map

m1 : N̄ × Ā→ N̄Ā

is smooth and onto. The Lie algebra of N̄Ā is n ⊕ a and thus by Lemma 4.23 the
map m1 is also regular. It is also one-to-one as one may recover a and n from the
diagonal entries of na. Thus m1 is a diffeomorphism. Next the multiplication map

m2 : N̄Ā× K̄ → Ḡ

is smooth. Its image is closed because K̄ is compact and N̄Ā is closed. Using
Lemma 4.23 again, m2 is everywhere regular, and since

dim(Ḡ) = dim(n) + dim(a) + dim(k) = dim(N̄Ā) + dim(K̄),

the image of m2 is also open in Ḡ. Since Ḡ is connected, this shows that m2 is
onto. To conclude the first step, it remains to show that m2 is one-to-one, that is
K̄ ∩ N̄Ā = {1}. To this end, one can for instance use the fact that if g ∈ N̄Ā and
g ̸= 1 then the subgroup generated by g is not compact. □

By Theorem 4.24 each g ∈ G can be written in a unique way as g = nak with
n ∈ N, a ∈ A and k ∈ K. Moreover Lemma 4.15 the group A is commutative. Hence
we know by Corollary 3.17 that the exponential exp : a → A is a surjective group
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homomorphism. We claim it is also injective. Indeed, assume H ∈ a is such that
exp(H) = eG. Then by (4.12) we have

eAd(G) = AdG(exp(H)) = exp(adgH).

Now it follows from Remark 3.14 and the properties of the matrix exponential that
adgH = 0 and since g is semisimple, we must have H = 0 as claimed. Henceforth
given g ∈ G we define A(g) ∈ a as the unique element such that g ∈ N exp(A(g))K.
When g = a ∈ A we may occasionally write log a for A(g).

4.3.2. The Cartan decomposition. In previous subsection we “lifted” the Iwasawa
decomposition at the level of the Lie algebra to deduce the Iwasawa decomposition
at the level of the Lie group. Similarly, we now “lift” the Cartan decomposition (4.5)
at the Lie group level.

Theorem 4.25 (Cartan decomposition, version 1). Let G be a connected semisimple
group with finite centre. Let g be the Lie algebra of G and let

g = p⊕ k

be a Cartan decomposition. Let K be the connected subgroup of G with Lie algebra k.
Then the map

p×K → G

(X, k) 7→ exp(X)k

is a diffeomorphism from p×K onto G.

We omit the proof. As in the case of the Iwasawa decomposition, one first proves
it for the adjoint group, for which one can use the matrix structure, then one “lifts”
the theorem to G itself. We defer the reader to [Kna02, Theorem 6.31].

Lemma 4.26. Let g be a semisimple Lie algebra with Cartan decomposition g = p⊕ k
and let a be a maximal commutative subalgebra of p. Let H ∈ a be a regular element.
Then we have

Zg(H) = {X ∈ p : [H,X] = 0} = g0.

Proof. Let X ∈ p such that [H,X] = 0. Write X = X0 +
∑

λ∈ΣXλ with X0 ∈ g0 and
Xλ ∈ gλ for each λ ∈ Σ. Then we have

0 = [H,X0] +
∑
λ∈Σ

λ(H)Xλ.

Since by assumption λ(H) ̸= 0 for each λ ∈ Σ, the directness of the sum (4.6) implies
Xλ = 0 for each λ ∈ Σ, that is X = X0 ∈ g0. □
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Lemma 4.27. Let G be a connected semisimple group with finite centre. Let g be the
Lie algebra of G, let

g = p⊕ k

be a Cartan decomposition, and let a be a maximal abelian subalgebra of g. Let K be
the connected subgroup of G with Lie algebra k. Then we have

AdG(K)a = p.

Proof. Let H ∈ a be a regular element (this is possible because Σ is finite, and for
α ∈ Σ the kernel ker(α) is an hyperplane in a) and let X ∈ p. Consider the continuous
map

K → R
k 7→ B(H,AdG(k)X).

By compactness, it admits a minimum in some k0 ∈ K. Now let Z ∈ k. Then the
map

R → R
t 7→ B(H,AdG(exp tZ)AdG(k0)X).

is smooth and admits a minimum at t = 0. Differentiating with respect to t we obtain

0 =

(
d

dt
B(H,AdG(exp tZ)AdG(k0)X)

)
t=0

= B(H, (adg Z)AdG(k0)X)

= B(H, [Z,AdG(k0)X]) = B(Z, [AdG(k0)X,H]).

Using (4.12), (4.2) and the fact that the exponential on adg(g) is given by a power
series, one shows that θ(AdG(k0)X) = AdG(k0)(θX) and thus AdG(k0)X ∈ p. This
implies in particular [AdG(k0)X,H] ∈ k. Since Z ∈ k is arbitrary and B is negative-
definite on k, it follows that [AdG(k0)X,H] = 0 and thus by Lemma 4.26 we have
AdG(k0)X ∈ p ∩ g0 = a, which establishes the result. □

Corollary 4.28. Let G be a connected semisimple group with finite centre. Let g be
the Lie algebra of G, let

g = p⊕ k

be a Cartan decomposition, and let a be a maximal abelian subalgebra of g. Let A,K
be the connected subgroups of G with Lie algebra a, k respectively. Then we have

G = KAK.
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Proof. This follows from combining Theorem 4.25 and Lemma 4.27, remembering
that by (4.10) we have

exp(AdG(k)H) = k exp(H)k−1

for all k ∈ K and H ∈ a, and that exp : a → A is surjective by Corollary 3.17. □

In contrast with the Iwasawa decomposition and the statement of Theorem 4.25,
the decomposition g = k1ak2 (with k1, k2 ∈ K and a ∈ A) is not unique in general.
In order to account for this, we need to introduce the Weyl group.

4.3.3. The Weyl group. The Weyl group is a group of permutation of the roots
generated by certain reflections. It can also be realised as a quotient of certain
subgroups of G. We now start setting up the stage. In this section we fix a connected
semisimple group G with finite centre, we let g be its Lie algebra and we retain the
notations from Sections 4.1 and 4.3. Since the Killing form B is non-degenerate,
given λ ∈ g∗ there exists Aλ ∈ g such that

λ(H) = B(Aλ, H)

for all H ∈ g. In this way, we may define a non-degenerate bilinear form ⟨·, ·⟩ on g∗

by setting for all λ, µ ∈ g∗

⟨λ, µ⟩ = B(Aλ, Aµ) = λ(Aµ) = µ(Aλ).

We identify a∗ as the subspace of g∗ consisting of those linear forms that vanish on a⊥,
or equivalently as the subspace consisting of those linear forms λ such that Aλ ∈ a.
The bilinear form ⟨·, ·⟩ is in particular positive-definite on a∗. Then for α ∈ a∗ \ {0}
we may define a reflection sα on a∗ by

sα(λ) = λ− 2
⟨λ, α⟩
⟨α, α⟩

α.

Note that sα(α) = −α and sα(λ) = λ for λ ∈ α⊥. Similarly we can transfer the
adjoint action of G on g to an action of G on g∗ by defining for all λ ∈ g∗ and X ∈ g

(Ad∗
G(g)λ)(X) = λ(AdG(g

−1)X).

This is compatible with the assignment λ 7→ Aλ in the sense that the linear form
Ad∗

G(g)λ is represented by AdG(g)Aλ (this can be shown taking the exponential and
using (4.4) and (4.12)). Given a root α we want to show that

• if β is a root, then so is sα(β),
• there exists k ∈ K such that Ad∗

G(k) = sα.
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Lemma 4.29. Let α ∈ Σ and let Xα ∈ gα, normalised so that B(Xα, θ(Xα)) = −1.
Then we have

[Xα, θ(Xα)] = −Aα.
Moreover let Eα = π√

2⟨α,α⟩
Xα and k = exp(Eα + θEα) ∈ K. Then

AdG(k)a = a.

and
Ad∗

G(k) = sα.

Proof. Recall that θ(Xα) is a root vector with root −α. Next we observe that
[Xα, θ(Xα)] ∈ a. Indeed, it is immediate that [Xα, θ(Xα)] ∈ p, and [Xα, θ(Xα)]
commutes with a since for all H ∈ a we have

[H, [Xα, θ(Xα)]] = −[Xα, [θ(Xα), H]]− [θ(Xα), [H,Xα]]

= −α(H)([Xα, θ(Xα)] + [θ(Xα), Xα]) = 0.

Finally we have

B(H, [Xα, θ(Xα)]) = B(Xα, [θ(Xα), H]) = B(Xα, α(H)θ(Xα)) = −α(H),

which proves the first claim. Next let H ∈ a such that α(H) = 0. Then adg(Eα)(H) =
adg(θEα)(H) = 0 from which, using (4.12) and Remark 3.14 it follows that

AdG(k)H = exp(adg(Eα + θEα))H

=
∞∑
n=0

1

n!
(adg(Eα + θEα))

nH = H.
(4.14)

On the other hand since Aα ∈ a we have

adg(Xα)Aα = [Xα, Aα] = −α(Aα)Xα = −⟨α, α⟩Xα

and similarly
adg(θXα)Aα = ⟨α, α⟩θ(Xα).

Thus
adg(Xα + θXα)Aα = ⟨α, α⟩(θXα −Xα).

Applying adg(Xα + θXα) to this identity and using the first part we deduce

adg(Xα + θXα)
2Aα = −2⟨α, α⟩Aα.
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Thus

AdG(k)Aα =
∞∑
n=0

1

n!
(adg(Eα + θEα))

nAα

=
∞∑
m=0

1

(2m)!
(adg(Eα + θEα))

2mAα +
∞∑
m=0

1

(2m+ 1)!
(adg(Eα + θEα))

2m+1Aα

=
∞∑
m=0

1

(2m)!
(−π2)mAα + π

√
⟨α, α⟩
2

∞∑
m=0

1

(2m+ 1)!
(−π2)m(θXα −Xα)

= (cosπ)Aα + π

√
⟨α, α⟩
2

(sinπ)(θXα −Xα) = −Aα.

(4.15)

Combining (4.14) and (4.15) shows that AdG(k) indeed preserves a, and that the
restriction of Ad∗

G(k) to a∗ agrees with sα. □

Corollary 4.30. Let α, β ∈ Σ. Then sα(β) ∈ Σ.

Proof. We are to show that gsα(β) ̸= {0}. Let k be as in the statement of Lemma 4.29.
Let H ∈ a and let X ∈ gβ. Then we have

[H,AdG(k)X] = AdG(k)[AdG(k)
−1H,X] = AdG(k)

(
β(AdG(k)

−1H)X
)

= AdG(k)
(
(Ad∗

G(k)β)(H)X
)

= AdG(k)
(
sα(β)(H)X

)
= sα(β)(H)(AdG(k)X),

and thus AdG(k)X is a root vector for sα(β). □

Definition 4.31. We define the Weyl group W of G as the finite subgroup of
GL(a∗) spanned by the reflections sα, where α ranges in Σ.

Corollary 4.30 implies that the Weyl group permutes the roots. Moreover since
the roots span a∗, an element of the Weyl group is completely determined by the
corresponding permutation, hence we may identify the Weyl group with its image in
the group of all permutations of Σ. In particular the Weyl group is finite. Just as we
used the identification of g∗ to g to transport the adjoint action of G to an action on
g∗, we obtain in the reverse direction an action of the Weyl group on a by setting

s · Aλ = As(λ)

for all s ∈ W and λ ∈ a∗. The second statement of Lemma 4.29 directly extends
in the sense that for any s ∈ W there exists k ∈ K such that AdG(k)a = a and
Ad∗

G(k) = s. Since moreover the form s(λ) = Ad∗
G(k)λ is represented by AdG(k)Aλ,
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this element k satisfies s ·H = AdG(k)H for all H ∈ a. Equivalently, given H ∈ a we
may define s ·H by

(4.16) β(s ·H) = (s−1β)(H)

for all β ∈ a∗. To see this let k ∈ K as above and observe that

β(s ·H) = B(Aβ,AdG(k)H) = B(AdG(k)
−1Aβ, H) = (s−1β)(H).

Example 4.32. We have seen in Example 4.11 that the roots of sln are the maps αij :
H 7→ Hi −Hj , where Hi is the i-th diagonal entry of H ∈ a. Thus the reflections sαij acts
on the root αℓm by

sαij (αℓm) = ατ(ℓ),τ(m),

where τ ∈ Sn is the transposition (ij). Since Sn is generated by the transpositions, we
may identify the Weyl group of sln with Sn. Given a root α = αij the vector Aα ∈ a is the
diagonal matrix whose only non-zero entries are the i-th entry and the j-th entry, given
respectively by 1

2n and − 1
2n . Hence the action of σ ∈ W ≃ Σn on any H ∈ a is given by

the diagonal matrix σ ·H whose i-th digonal entry is Hσ(i). On the other hand given a
permutation σ ∈ Σn let Pσ be the matrix whose i-th row only has zeroes except on column
σ(i) where it has a one. Then given H ∈ a the i-th diagonal entry of PσHP−1

σ is given by
Hσ(i), which says that

PσHP−1
σ = σ ·H.

Moreover if σ has signature 1 then Pσ ∈ SOn(R) and hence an element k corresponding to
σ can be taken to be Pσ. On the other hand if σ has signature −1 then changing the sign
of a single entry of Pσ we obtain an element of SOn(R) satisfying the desired property.

We now study in more details the action of the Weyl group. We need the following
lemma.

Proposition 4.33. The Weyl group permutes transitively the set of Weyl chambers.
Moreover for any H ∈ a the orbit W ·H intersects the closure a+ of a+ in exactly
one point.

Proof. We have seen already that W permutes the roots α. Thus (4.16) implies
that W permutes the hyperplanes Sα = ker(α), and hence the Weyl chambers. To
see that this action is transitive, let H1, H2 lying in two distinct Weyl chambers a(1)

and a(2) respectively. Then the segment JH1, H2K intersects the hyperplane Sα for
some α ∈ Σ. Now we claim

∥H1 − sα ·H2∥ < ∥H1 −H2∥,
where the norm is induced from the Killing form.
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Aα

H2

sα ·H2

Sα

H1

0

Indeed since by definition Sα is the orthogonal of Aα we may write H1 = S1+ t1Aα
and H2 = S2 − t2Aα with S1, S2 ∈ Sα and t1, t2 ∈ R with the same sign. Then
sα ·H2 = S2 + t2A2 and thus by Pythagoras theorem

∥H1 − sα ·H2∥2 = ∥S1 − S2∥+ (t1 − t2)
2∥Aα∥2

< ∥S1 − S2∥+ (t1 + t2)
2∥Aα∥2 = ∥H1 −H2∥2.

Now as s varies over the finite group W the distance ∥H1 − s · H2∥ reaches a
strict minimum for s = s0 say. Then the segment JH1, s0 · H2K does not intersect
any hyperplane Sα, thus H1 and s0 · H2 lie in the same Weyl chamber. Thus
s0 · a(2) = a(1) and thus W acts transitively on the set of Weyl chambers. To prove
the second claim, let H1, H2 ∈ a+. Then we have seen that for all s ∈ W we have
∥H1 − s ·H2∥ ≥ ∥H1 −H2∥, which implies

(4.17) B(H1, H2) ≥ B(H1, s ·H2).

By continuity this inequality still holds for all H1, H2 ∈ a+. Now if s0 ·H2 ∈ a+ then
replacing H2 with s0H2 and applying (4.17) with s = s−1

0 we deduce

B(H1, H2) = B(H1, s0 ·H2)

and hence
B(H1, H2 − s0 ·H2) = 0

for all H1 ∈ a+. This implies H2 = s0 ·H2 and the result is proved. □

Theorem 4.34. Let
NK(a) = {k ∈ K : AdG(k)a = a}
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and
ZK(a) = {k ∈ K : AdG(k)H = H for all H ∈ a}.

Then there is a group isomorphism

W → NK(a)/ZK(a)

s 7→ ks

such that for all s ∈ W we have

(4.18) s ·H = AdG(ks)H for all H ∈ a.

Moreover W permutes simply transitively the set of Weyl chambers.

Proof. We have already seen that given s ∈ W there exists k ∈ NK(a) such that (4.18)
holds for k. Clearly (4.18) holds for k′ too if and only if k′ ∈ kZK(a) and so we get an
injective map W → NK(a)/ZK(a) with the desired property. For the surjectivity, by
Proposition 4.33 it suffices to show that the adjoint action of NK(a) permutes the roots
and that if k ∈ NK(a) is such that AdG(k)a

+ = a+ then k ∈ ZK(a); that is the action
of NK(a)/ZK(a) is simply transitive on the set of Weyl chambers. Indeed, assuming
this is the case, and let k ∈ NK(a) and let a(1) = AdG(k)a

+. By Proposition 4.33
there exists s ∈ W such that s · a+ = a(1), hence by (4.18) we have a(1) = AdG(ks)a

+.
Now by uniqueness of k we must have k ∈ ksZK(a). For the proof that the action of
NK(a)/ZK(a) is indeed simply transitive on the set of Weyl chambers, we refer the
reader to [Kna02, Theorem 6.57] or [Hel01, Chap. VII Theorem 2.12]. □

Lemma 4.35. Let H ∈ a and let k ∈ K such that

AdG(k)H ∈ a.

Then there exists s ∈ W such that

AdG(k)H = s ·H.

Proof. Fix X ∈ Zg(H) ∩ p and H1 ∈ a+. By the same compactness argument as in
the proof of Lemma 4.27 we find z ∈ ZG(H) ∩K such that

B([H1,AdG(z)X], T ) = 0

for all T ∈ Zg(H) ∩ k. As in Lemma 4.27 we have [H1,AdG(z)X] ∈ k. Moreover by
the Jacobi identity

[H, [H1,AdG(z)X]] = −[H1, [AdG(z)X,H]]− [AdG(z)X, [H,H1]]

= −[H1,AdG(z)[X,AdG(z
−1)H]]

= −[H1,AdG(z)[X,H]] = 0,
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thus [H1,AdG(z)X] ∈ Zg(H) ∩ k. As T is arbitrary we deduce [H1,AdG(z)X] = 0
and since H1 is regular by Lemma 4.26 we have

X ∈ AdG(z
−1)a.

Observe that if H2 ∈ a then we have

[AdG(k
−1)H2, H] = AdG(k

−1)[H2,AdG(k)H] = 0

and in particular by Lemma 4.27 we may take X = AdG(k
−1)H2. Thus taking H2 ∈ a

arbitrary we deduce
AdG(k

−1)a ⊂ AdG(z
−1)a

and since both side have the same dimension, they are equal. Hence kz−1 ∈ NK(a)
and by Theorem 4.34 there is s ∈ W such that

s ·H = AdG(kz
−1)H = AdG(k)H.

□

Theorem 4.36 (Cartan decomposition, version 2). Keep the notations as above and
let A+ = exp(a+). Then

G = KA+K,

and if
k1ak2 = k′1a

′k′2
with k1, k2, k

′
1, k

′
2 ∈ K and a, a′ ∈ A+ then a = a′.

Proof. For the existence, let g ∈ G. By Corollary 4.28 and the surjectivity of
exp : a → A there exist k1, k2 ∈ K and H ∈ a such that

g = k1 exp(H)k2.

Now by Proposition 4.33 there exists s ∈ W and H+ ∈ a+ such that H = s · H+.
Moreover as discussed above, there exists k ∈ K such that s · H+ = AdG(k)H

+.
Finally using (4.10) we have

exp(AdG(k)H
+) = k exp(H+)k−1,

and thus
g = k1k exp(H

+)k−1k2.

For the uniqueness assume k1ak2 = a′ where a = exp(H1) and a′ = exp(H2) with
H1, H2 ∈ a+. Then k1ak

−1
1 (k1k2) = a′. Now by Lemma 4.27 and using (4.10) again,

k1ak
−1
1 = exp(AdG(k1)H1) ∈ exp(p) and thus by the first version of the Cartan

decomposition Theorem 4.25 we have AdG(k1)H1 = H2. By Lemma 4.35 there is
s ∈ W such that H2 = s · H1 and moreover since we are assuming H1, H2 ∈ a+,
Proposition 4.33 implies H1 = H2, as desired. □



ANALYSIS ON REAL LIE GROUPS 45

Remark 4.37. We can reformulate the content of this subsection as follows. There is an
algebraically defined Weyl group W (Σ) and an analytically defined Weyl group W (K, a).
The algebraic Weyl group W (Σ) is defined as the group generated by the reflections sα,
where α ∈ Σ, and the analytic Weyl group W (K, a) is defined as the quotient NK(a)/ZK(a).
We have shown that these two notions coincide, and we have used it to derive the second
version of the Cartan decomposition. The crucial missing ingredient in our exposition is
that the action of the analytic Weyl group W (K, a) on the set of Weyl chambers is simply
transitive.

5. Integration on Lie groups

5.1. Integration on manifolds. Recall that if if U ⊂ Rn is an open set and
φ : U → Rn is smooth, its Jacobian Jacx φ at x = (x1, · · · , xn) ∈ U is by definition

Jacx φ = det (dxφ) .

We recall the change of variable formula for Rn. Assume φ as above is injective and
its Jacobian does not vanish on U . Then for any continuous function f with compact
support included in φ(U) we have

(5.1)

∫
φ(U)

f(y) dy =

∫
U

f(φ(x))| Jacx φ| dx.

Let M be a smooth manifold of dimension n. For each p ∈ M let Ωp ∈
Hom(TpM,Rn). We assume moreover that the map Ω : p 7→ Ωp is smooth in
the sense that for any vector field X on M the map M → Rn, p 7→ Ωp(Xp) is smooth.
Then for all p ∈ M and for all ℓ ∈ Hom(Rn, TpM) we define

ωp(ℓ) = det(Ωp ◦ ℓ).
for all ℓ ∈ Hom(TpM,Rn). A map p 7→ ωp as above is called a n-form on M.

Remark 5.1. This definition might appear slightly different from the usual definition of a
n-form, but it is equivalent.

Remark 5.2. Specifying an isomorphism ℓ : Rn → TpM is the same as specifying a basis
of TpM. Once a basis of TpM is fixed, specifying a homomorphism Ωp : TpM → Rn amounts
to specifying an ordered n-tuple of elements of Rn. Finally taking the determinant of n
vectors in Rn gives the (signed) volume of the (oriented) parallelepiped defined by these
vectors.

Let p ∈ M and let (U,φ) and (V, ψ) be two local charts containing p. Recall that
upon identifying Rn to Tφ(p)Rn, we have for all p ∈ U a map dpφ : TpM → Rn, and
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similarly for ψ. Then using the chain rule as well as the identity dφ(p)φ
−1 = (dpφ)

−1

we have the following identity

(5.2) ωp(dφ(p)φ
−1) Jacψ(p)(φ ◦ ψ−1) = ωp(dψ(p)ψ

−1).

We say two local charts (U,φ) and (V, ψ) on M have the same orientation if the
mapping ψ ◦φ−1 has positive Jacobian on φ(U ∩V ). We say that M is orientable if
M can be covered by a collection of local charts which all have the same orientation.
Once we have fixed an orientable manifold M as well as such a collection C of local
charts, we say M is oriented. Given any local chart (U,φ) on M we say (U,φ) is
positively oriented if (U,φ) has the same orientation as every local chart in C . We
shall denote by Cc(M) the space of continuous, compactly supported functions on M.
We wish to define the integration of f ∈ Cc(M) against n-forms on M. We first
assume there is a positively oriented local chart (U,φ) such that Supp(f) ⊂ U . Then
given a n-form ω on M we define∫

M

fω =

∫
φ(U)

(f ◦ φ−1)(y)ωφ−1(y)(dyφ
−1) dy.

We claim that this definition is independent of the choice of positively oriented local
chart containing Supp(f). Indeed if (V, ψ) is another such local chart then by the
change of variables formula (5.1) for Rn with G = φ ◦ ψ−1 and (5.2) with p = ψ−1(x)
we have∫

φ(U)

(f ◦ φ−1)(y)ωφ−1(y)(dyφ
−1) dy =

∫
ψ(V )

(f ◦ ψ−1)(x)ωψ−1(x)(dxψ
−1) dx.

Next, given any f ∈ Cc(M) there exists a covering of M by positively oriented
local charts (Ui, φi)i∈I and finitely many compactly supported functions fj such that
f =

∑
j fj and for each j we have Supp(fj) ⊂ Ui for some i (this follows from a

smooth partition of unity, see [Hel01, Chap. I, § 1, Thm 1.3]). We then define∫
M

fω =
∑
j

∫
M

fjω.

Here again, we need to check that the definition does not depend on the choice of the
decomposition f =

∑
j fj, but we leave it as an exercise for the reader (or we refer

them to [Hel00, Chap. I, § 1]).

Let M and N be oriented manifolds of dimension n and let Φ be a diffeomorphism
from M onto N. We say Φ is orientation-preserving if given any positively oriented
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local chart (U,φ) on M, the local chart (Φ(U), φ ◦ Φ−1) on N is positively oriented.
Let ω be a n-form on N. Then we define the pullback Φ∗ω of ω by

(Φ∗ω)p (ℓ) = ωΦ(p)(dpΦ ◦ ℓ)
for all ℓ ∈ Hom(Rn, TpM). Then we have the following change of variable formula

(5.3)

∫
M

fΦ∗ω =

∫
N

(f ◦ Φ−1)ω

for all f ∈ Cc(M). It suffices to check it when the support of f is included in some local
chart (U,φ) on M. In this case choosing the local chart (V, ψ) = (Φ(U), φ◦Φ−1) on N

we have f ◦φ−1 = (f ◦Φ−1) ◦ψ−1 and given x ∈ φ(U) we have (Φ∗ω)φ−1(x)(dxφ
−1) =

ωψ−1(x)(dxψ
−1) and thus both sides of (5.3) are the same integral.

5.2. Integration on Lie groups. Now let G be a Lie group of dimension n and
let g be its Lie algebra. A n-form ω on G is left-invariant if it satisfies ℓ∗gω = ω for
all g ∈ G.

Lemma 5.3. There exists a non-zero left-invariant n-form ω on G. Moreover any
left-invariant n-form on G is of the form λω for some λ ∈ R.

Proof. Fix an isomorphism Ωe ∈ Hom(g,Rn), and for all g ∈ G define Ωg = Ωe ◦
(deℓg)

−1 ∈ Hom(TpG,Rn). Let ω be the n-form associated to Ω. It is clearly non-
zero, and we claim it is left-invariant. Indeed if x, g ∈ G then by definition for all
f ∈ Hom(Rn, TxG) we have(

ℓ∗gω
)
x
(f) = ωgx(dxℓg ◦ f)

= det
(
Ωe ◦ (deℓgx)−1 ◦ dxℓg ◦ f

)
= det

(
Ωe ◦ (deℓx)−1 ◦ f

)
= ωx(f).

Now since deℓg is an isomorphism for all g ∈ G, any left-invariant n-form ω′ is
completely determined by ω′

e. But if ω
′
e is represented by Ω′

e ∈ Hom(g,Rn) then we
have ω′

e = λωe, where λ = det(Ω′
e ◦ Ω−1

e ). □

Now fix a local chart (U,φ) where U is an open connected neighbourhood of e.

Lemma 5.4. The local charts (gU, φ ◦ ℓ−1
g ), where g ranges over G, define an

orientation of G.

Proof. It suffices to show that if U ∩ gU ̸= ∅ then for all x ∈ φ(U ∩ g−1U) we have
Jacx(φ ◦ ψ−1) > 0, where ψ = φ ◦ ℓ−1

g . Let x = φ−1(x) ∈ U ∩ g−1U . Let ω be a
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non-zero left-invariant n-form on G. Then by (5.2) and by left-invariance of ω we
have

ωgx(dφ(gx)φ
−1) Jacx(φ ◦ ψ−1) = ωgx(dxψ

−1)

= ωgx(dxℓg ◦ dxφ−1)

= ωx(dxφ
−1).

But the map U → R : x 7→ ωx(dφ(x)φ
−1) is continuous and doesn’t vanish, hence it

does not change sign. □

By Lemmas 5.3 and 5.4 we may define the integral of any f ∈ Cc(G) against
a non-zero left-invariant n-form ω. Moreover we may pick ω such that

∫
G
fω ≥ 0

whenever f only takes non-negative values (by left-invariance this is equivalent to
require that for our fixed local chart (U,φ) we have det(Ωe ◦ dφ(e)φ−1) > 0). We call
such a n-form a Haar measure and we denote

∫
G
fω by

∫
G
f(x) dx. We may on

occasion use both notations. By (5.3) we have∫
G

f(gx) dx =

∫
G

f(x) dx

for all g ∈ G.

We have defined the left-invariant Haar measure, but we might as well have
defined the analogous notion of a right-invariant Haar measure, by requiring it to be
right-invariant instead of left-invariant. The two notions are related as follows.

Lemma 5.5. Let G be any Lie group and let dg be a left-invariant Haar measure
on G. Then

d(r)g = det (AdG(g)) dg

is a right-invariant n-form on G.

Proof. Let ω be the left-invariant n-form and for g ∈ G let ω
(r)
g = det (AdG(g))ωg.

We need to check that

(5.4) (r∗xω
(r))g = ω(r)

g

for all x, g ∈ G. To this end, it is sufficient to check that

(r∗xω
(r))e = ω(r)

e

for all x ∈ G. Now that AdG(x) = deIG(x), where IG(x) = rx−1 ◦ ℓx. Then using the
left-invariance of ω we have for all x ∈ G

(r∗xω
(r))e = det (AdG(x)) (IG(x

−1)∗ω)

and evaluating both side on any ℓ ∈ Hom(Rn, g) we obtain (5.4). □



ANALYSIS ON REAL LIE GROUPS 49

As a consequence we have the following change of variable formula for all f ∈ Cc(G)
and for all g ∈ G

(5.5)

∫
G

f(xg) dx =

∫
G

f(x) |detAdG(g)| dx.

To see this write f(xg) = f(xg)
detAdG(x)

detAdG(x) and use the right-invariance of

detAdG(x)dx to change variables xg 7→ x. Note that the absolute value is there
because rg might not be orientation-preserving. A Lie group G is called unimodular
if the left-invariant Haar measure is also right-invariant, which by the above discussion
is equivalent to | detAdG(g)| = 1 for all g ∈ G.

Lemma 5.6. Let G be a connected semisimple Lie group with Iwasawa decomposition
G = NAK. Then the groups G,N,A,K are unimodular.

Proof. The group A is abelian and in particular AdA = Ida. We know by Lemma 4.19
that the group AdK(K) is compact. Since the map K → R× : k 7→ det(AdK(k)) is a
continuous group homomorphism, its image is a compact subgroup of R×. Thus for
all k ∈ K we have | det(AdK(k))| = 1. As discussed in the proof of Theorem 4.24, we
may pick a basis of n for which the matrix of AdN(n) is triangular with ones on the
diagonal for all n ∈ N , and in particular its determinant is 1. Finally AdG(g) leaves
the Killing form invariant for each g ∈ G. Since the Killing form is non-degenerate it
follows (detAdG(g))

2 = 1. □

Lemma 5.7. Let G be any Lie group and let g be its Lie algebra. Suppose g = s⊕ h
where s and h are Lie subalgebras. Let S and H be the connected Lie subgroups of G
with Lie algebras s and h respectively. Suppose

m : S ×H → G : (s, h) 7→ sh

is a bijection. Then the Haar measures on S,H,G may be normalised so that∫
G

f(g)dg =

∫
S×H

f(sh)
detAdH(h)

detAdG(h)
dsdh

for all f ∈ Cc(G).

Proof. Given s ∈ S and h ∈ H we have

TsS = deℓss, ThH = deℓhh, TshG = deℓshg

and we may identify

(5.6) T(s,h)(S ×H) ∼= TsS ⊕ ThH.
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Furthermore we may identify

TsS ⊕ ThH ∼= TshG

deℓsX + deℓhY 7→ deℓsh(X + Y ).
(5.7)

Under these identification we may see a linear map ℓ : Rn → T(s,h)(S × H) as an

element of ℓ̃ ∈ Hom(Rn, TshG). If ω is the left-invariant on G then the n-form ω̃ on
S ×H defined by

ω̃(s,h)(ℓ) = ωsh(ℓ̃)

is left-invariant. Next, by Lemma 4.23, m is a diffeomorphism, and its differential is
given by

d(s,h)m(deℓsX, deℓhY ) = deℓsh(AdG(h
−1)X + Y ).

for all X ∈ s and Y ∈ h. Hence by (5.3) we have∫
M×N

f(sh)m∗ω =

∫
G

f(g)dg.

Now by definition m∗ω is the n-form on S ×H given by

(m∗ω)(s,h) (ℓ) = ωsh(d(s,h)m ◦ ℓ)
for all linear map ℓ : Rn → T(s,h)(S ×H). Using (5.6) and (5.7) to view d(s,h)m as a
linear map from TshG to itself and using the definition of n-forms, we obtain

(m∗ω)(s,h) (ℓ) = det(d(s,h)m)ωsh(ℓ̃) = ω̃(s,h)(ℓ).

Finally
AdG(h

−1)X + Y = AdG(h
−1)(X +AdH(h)Y )

and thus

det(d(s,h)m) =
detAdH(h)

detAdG(h)
.

□

5.3. Integration formula for the Iwasawa decomposition. From now on we fix
a connected semisimple Lie group G with finite centre. We let g be its Lie algebra
and

g = n+ a+ k

be the Iwasawa decomposition of g as in § 4.1. We let N,A,K be the connected
Lie subgroups of G with Lie algebras given respectively by n, a, k. We have seen in
Theorem 4.24 that G has Iwasawa decomposition G = NAK. We fix a positive Weyl
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chamber a+ and we let Σ+ be the set of positive roots. For any α ∈ Σ define the
multiplicity mα = dim gα. We define

ρ =
1

2

∑
α∈Σ+

mαα.

Theorem 5.8. The Haar measures on G,N,A,K can be normalised so that for all
f ∈ Cc(G) we have∫

G

f(g) dg =

∫
N

∫
A

∫
K

e−2ρ(log(a))f(nak) dkdadn.

Proof. We apply Lemma 5.7 twice: once for N×A→ NA and once for NA×K → G.
Thus we may normalise the Haar measures so that∫

G

f(g) dg =

∫
N

∫
A

∫
K

f(nak)
detAdA(a)

detAdNA(a)

detAdK(k)

detAdG(k)
dkdadn.

We have seen in Lemma 5.6 that | detAdA(a)| = | detAdK(k)| = | detAdG(k)| = 1.
To calculate detAdNA(a) pick a basis of n + a consisting of elements of a and of
positive root vectors. Now if X ∈ gα for some root α then we have

AdNA(a)X = exp(adn+a(log a))X

=
∞∑
n=0

1

n!
(adn+a(log a))

nX

=
∞∑
n=0

1

n!
α(log a)X

= eα(log a)X,

and thus we obtain detAdNA(a) = e2ρ(log a). □

Corollary 5.9. Let the Haar measure be normalised as in Theorem 5.8. Then for all
f ∈ Cc(G) we have∫

G

f(g) dg =

∫
A×N×K

f(ank) dadndk =

∫
K×N×A

f(kna) dkdnda.

Proof. For the identity we change variables na 7→ an and we use formula (5.5) together
with the calculation of detAdNA(a) above. We then apply the first equality to the
function g 7→ f(g−1) to deduce the second identity. Note that the change of variable
g 7→ g−1 takes the left-invariant Haar measures to right-invariant n-forms, however
by Lemma 5.6 these are the same for G,N,A,K (possibly up to sign). □
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5.4. Harish-Chandra’s integral functional equation. We keep the set-up and
notations as above.

Lemma 5.10. The exponential map n → N is surjective.

Proof. We already know by Proposition 3.16 that there are an open neighbourhoods
U of 0 in n and V of e in N such that the exponential is a diffeomorphism from U
to V . Now let n ∈ N . We are to show that n ∈ exp(n). Since N is the subgroup
generated by exp(n) there exist an integer m ≥ 1 and X1, · · · , Xm ∈ n such that
n = exp(X1) · · · exp(Xm). Moreover there exists an open neighbourhood Vm ⊂ V of e
in N such that the product of any m elements of Vm belongs to V . Let Um ⊂ U be
such that Vm = exp(Um). Now fix H0 ∈ a+ and given t ∈ R define at = exp(−tH0).
We claim that for any X ∈ n there exists t0 ∈ R such that for all t ≥ t0 we have
Ad(at)X ∈ Um. Indeed, write X =

∑
α∈Σ+ with Xα ∈ gα. Then

(5.8) Ad(at)X =
∑
α∈Σ+

e−tα(H0)Xα

and since α(H0) > 0 for all α ∈ Σ+ the claim follows. In particular there exists t ∈ R
such that Ad(at)Xk ∈ Vm for 1 ≤ k ≤ m, and hence exp(Ad(at)Xk) ∈ Um Then we
have

atna
−1
t = at exp(X1)a

−1
t · · · at exp(Xm)a

−1
t

= exp(Ad(at)X1) · · · exp(Ad(at)Xm) ∈ U.

Thus there exists X ∈ V such that atna
−1
t = exp(X). But then n = a−1

t exp(X)at =
exp(Ad(a−1

t )X). □

Lemma 5.11. Let H ∈ a be a regular element and let h = expH. Then the map

ξh : N → N

n 7→ h−1nhn−1

is a surjective diffeomorphism.

Proof. It is clear that ξh is smooth, and we know that A normalises N thus ξh takes
values in N as claimed. Next we compute its differential. Let n ∈ N and let X ∈ n.
Then for all t ∈ R we have

ξh(n exp tX) = h−1n(exp tX)h exp(−tX)n−1

= h−1nhn−1 exp(tAd(nh−1)X) exp(−tAd(n)tX).
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Differentiating with respect to t we obtain

dnξh(deℓnX) = deℓh−1nhn−1

(
(Ad(nh−1)− Ad(n))X

)
= deℓh−1nhn−1

(
Ad(n)(Ad(h−1)− 1)X

)
.

(5.9)

Now write X =
∑

α∈Σ+ Xα with Xα ∈ gα. Then

Ad(h−1)X =
∑
α∈Σ+

e−α(H)Xα

and since H is regular we have Ad(h−1)X ≠ X. Thus dnξh does not vanish on n, and
hence ξh is regular. In particular there are open neighbourhoods U and V of e in N
such that ξh is a diffeomorphism from U to V . Moreover we may pick U and V such
that U = exp(U0) and V = exp(V0) where U0 and V0 are neighbourhoods of 0 in n.
Now let H0 ∈ a+ and for t ∈ R define at = exp(−tH0). Observe that

(5.10) ξh(atna
−1
t ) = atξh(n)a

−1
t .

By (5.8) it is clear that ⋃
t∈R

Ad(at)V0 = n,

and hence by Lemma 5.10 we have⋃
t∈R

atV a
−1
t = N.

Since V = ξh(U), equation (5.10) now implies that ξh(N) = N . Finally we need to
show ξh is injective. So assume ξh(n1) = ξh(n2). Then using (5.10) we have

ξh(atn1a
−1
t ) = ξh(atn2a

−1
t ).

As in the proof of Lemma 5.10 we may choose t so large that atn1a
−1
t and atn2a

−1
t

both belong to U , and since ξh is injective on U we obtain atn1a
−1
t = atn2a

−1
t , which

implies n1 = n2. □

Corollary 5.12. Let H ∈ a be a regular element and let h = exp(H). Then for all
f ∈ Cc(N) we have∫

N

f(n) dn =
∏
α∈Σ+

|1− e−α(H)|mα

∫
N

f(h−1nhn−1) dn.

Proof. We apply the change of variable formula (5.3). Using (5.9) we have

ξ∗(dn) = det
(
Ad(n)(Ad(h−1)− 1)

)
dn.
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We have seen in Lemma 5.6 that detAd(n) = 1. Next the same argument as in proof
of Theorem 5.8 shows that

det
(
Ad(h−1)− 1

)
=

∏
α∈Σ+

(e−α(H) − 1)mα .

Note that the absolute values are there because ξh might not be orientation-preserving.
□

Let u ∈ NK(A) = {g ∈ K : gAg−1 = A}. For (k, n) ∈ K × N define ϕu(k, n) =
(k1, n1) ∈ K ×N such that

uknu−1 ∈ k1n1A.

The map ϕu is well-defined and smooth by the Iwasawa decomposition. Moreover it
is injective because if ϕu(k, n) = ϕu(k

′, n′) then by definition there is a ∈ A such that
uknu−1 = uk′n′u−1a, but then kn = k′n′u−1au and since u−1au ∈ A, by uniqueness
of the Iwasawa decomposition we have (k′, n′) = (k, n). Finally it is surjective because
it has a right inverse, given by ϕu−1 . Since ϕu−1 is smooth for the same reason, ϕu is
a diffeomorphism.

Lemma 5.13. For all u ∈ NG(A) we have

ϕ∗
u(dkdn) = dkdn.

Proof. For f ∈ Cc(G) define f by

f(k, n) =

∫
A

f(kna) da.

Since the Iwasawa decomposition is a diffeomorphism, f has compact support. On
the other hand define fu(g) = f(ugu−1). Then we have

fu(k, n) =

∫
A

f(uknau−1) da

=

∫
A

f(uknu−1uau−1) da

=

∫
A

f(uknu−1a) da = f ◦ ϕu(k, n).

On the other hand by Corollary 5.9 we have∫
K×N

f(k, n) dkdn =

∫
G

f(g)dg.
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Since G is unimodular by Lemma 5.6 we have∫
G

f(g)dg =

∫
G

fu(g)dg =

∫
K×N

fu(k, n) dkdn,

and thus we obtain∫
K×N

f(k, n) dkdn =

∫
K×N

f ◦ ϕu(k, n) dkdn.

Now the result follows from (5.3) provided that the map Cc(G) → Cc(K×N) : f 7→ f
is surjective, which we prove in the next lemma. □

Lemma 5.14. Given f ∈ C∞
c (G) define

f(k, n) =

∫
A

f(kna) da.

for all (k, n) ∈ K ×N . Then the map C∞
c (G) → C∞

c (K ×N) : f 7→ f is surjective.

Proof. Let F ∈ C∞
c (K × N) with compact support C ⊂ K × N . Assume C ̸= ∅

otherwise there is nothing to prove. Let CA ⊂ A be any compact subset of positive
measure. Let C̃ = {kna : (k, n) ∈ C, a ∈ CA}. Then C̃ is a compact subset of G.
Now let f1 ∈ Cc(G) be non-negative and such that

C̃ ⊂ Supp(f1).

Then f1 is positive on C and the function f defined by

f(g) =

{
F (k, n) f1(g)

f1(k,n)
if g ∈ knA with (k, n) ∈ K ×N,

0 otherwise

is continuous and satisfies f(k, n) = F (k, n) for all (k, n) ∈ K ×N . □

Theorem 5.15 (Harish-Chandra). Assume G has finite centre. For s ∈ W and H ∈ a
denote a = exp(H) and as = exp(s ·H). Let f ∈ Cc(G) satisfy f(kgk

−1) = f(g) for
all k ∈ K and g ∈ G. Then the function defined by

Ff (a) = eρ(log(a))
∫
N

f(an) dn

satisfies the functional equation Ff (a
s) = Ff (a) for all s ∈ W.
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Proof. Normalise the Haar measures as in Theorem 5.8 and so that
∫
K
dk = 1. First

assume H is regular. By Corollary 5.12 we have

Ff (a) = eρ(log(a))
∫
N

f(an) dn

= |D(a)|
∫
N

f(nan−1) dn

= |D(a)|
∫
K×N

f(knan−1k−1) dkdn,

where

D(a) = eρ(log(a))
∏
α∈Σ+

|1− e−α(H)|mα =
∏
α∈Σ+

∣∣∣eα(log a)
2 − e−

α(log a)
2

∣∣∣mα

.

Since the Weyl group permutes the roots, D(a) is invariant under s. So it suffices
to show the integral on the right hand side is also invariant. To this end we wish to
change variables (k, n) 7→ ϕu(k, n), where u = ks ∈ K is as in (4.18). So we must
check that the map

g : K ×N → R
(k, n) 7→ f(knan−1k−1)

has compact support. We have (k, n) ∈ Supp(g) if and only if a−1nan−1 = ξa(n) ∈
ak−1 Supp(f)k. Since ξa is a diffeomorphism and since ak−1 Supp(f)k is compact,
for each k ∈ K the set {n ∈ K : (k, n) ∈ Supp(g)} is compact. Since K is compact
it follows that g has compact support. Thus changing variables (k1, n1) = ϕu(k, n)
with u = ks as above, by Lemma 5.13 we have∫

K×N
f(knasn−1k−1) dkdn, =

∫
K×N

f(kn(uau−1)n−1k−1) dkdn,

=

∫
K×N

f(uk1n1an
−1
1 k−1

1 u−1) dkdn,

and now changing variables uk1 7→ k1 we obtain∫
K×N

f(knasn−1k−1) dkdn =

∫
K×N

f(k1n1an
−1
1 k−1

1 ) dkdn,

as desired. Now since both sides are continuous, the functional equation still holds
when H is not regular. □
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6. Statements of results

6.1. Notations. We fix the notations for the remainder of the course. We let G
be connected semisimple Lie group with finite centre and g be its Lie algebra. By
Theorem 4.4 there exists a Cartan involution θ for g. Accordingly we have the Cartan
decomposition (4.5)

g = p⊕ k,

where p is the −1-eigenspace of θ and k is the 1-eigenspace of θ. We recall for future
use that k is a Lie subalgebra of g and that the vector space p is stable under AdG(K).
We let a ⊂ p be a maximal abelian subalgebra, from which we defined in (4.6) the
root space decomposition

g = g0 ⊕
⊕
α∈Σ

gα,

where Σ is the set of roots. We fix a Weyl chamber a+ ⊂ a and we accordingly define
the set of positive roots Σ+ ⊂ Σ. Then the direct sum

n =
⊕
α∈Σ+

gα

is a Lie subalgebra of g and we have the the Lie algebra-level Iwasawa decomposition

g = n⊕ a⊕ k.

By Theorem 3.22 there are connected Lie subgroups N,A,K of G with respective
Lie algebras n, a, k. As discussed in Proposition 4.20 and § 4.3.1, the group K is
compact and A is abelian. Moreover by Theorem 4.24 we have the corresponding Lie
group-level Iwasawa decomposition

G = NAK.

For g ∈ G we let A(g) ∈ a be the unique element of a such that

g ∈ N exp(A(g))K.

When g = a ∈ A we might alternatively use the notation log a for A(a). In Defini-
tion 4.31 we defined the Weyl group W as the group generated by the reflections
sα (α ∈ Σ) and we saw that it is finite and permutes the roots. Given a root α its
multiplicity is by definition mα = dim gα. We denote by ρ the half-sum of positive
roots counted with multiplicity

ρ =
1

2

∑
α∈Σ+

mα ∈ a∗.

For future use, we let q ⊂ p be the orthogonal complement of a with respect to the
Killing form.
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In the sequel it shall be more convenient to work with complex-valued functions
so we change our previous notation: from now on from now on C∞(G) shall denote
C∞(G,C) and similarly for Cc(G). We let DR(G) be the algebra of left-invariant
differential operators on G (that we denoted by D(G) in § 3.2), and we accordingly
use the new notation

D(G) = DR(G)⊗R C.
The R-linear action of DR(G) on C∞(G) extends to a C-linear action of D(G).
Similarly we let

gC = g⊗R C
and we extend the Lie bracket on g to a C-bilinear map on gC. More generally if v is
any vector subspace of g we let vC = v⊗R C, if v is a Lie subalgebra of g then vC is
still stable by the complexification of the Lie bracket. It is straightforward to verify
that Corollaries 3.19 and 3.20 still hold upon replacing the ground field R with C.
For instance if X1, · · · , Xn is a basis of the real vector space g then (the image in gC
of) X1, · · · , Xn is a basis of the complex vector space gC, and moreover we have the
isomorphisms of complex vector spaces

D(G) ∼= S(gC) ∼= C[X1, · · · , Xn].

We recall that for any g ∈ G we have an operator Rg defined for every function f
on G and by

Rgf : x 7→ f(xg).

It is easily verified that if X ∈ g and f ∈ C∞(G) then for all g ∈ G we have

(AdG(g)X)f = Rg ◦X ◦R−1
g f,

thus AdG(g) extends to a automorphism of the algebra D(G). Concretely

AdG(g)D = Rg ◦D ◦R−1
g

for all D ∈ D(G). We let

DK(G) = {D ∈ D(G) : AdG(k)D = D for all k ∈ K},
that is, DK(G) consists of those differential operators D ∈ D(G) that commute with
Rk for all k ∈ K.

6.2. Spherical functions. Let ϕ ∈ C∞(G) such that ϕ(e) = 1. Then ϕ is a
spherical function if

(1) ϕ(k1gk2) = ϕ(g) for all g ∈ G and for all k1, k2 ∈ K,
(2) for each D ∈ DK(G) there exists λD ∈ C such that Dϕ = λDϕ.
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The theme of this course is that spherical functions on G play the same role in
harmonic analysis of G as the complex exponential plays in Fourier theory. However,
while the complex exponential is completely understood, at this stage we don’t know
anything about spherical functions: Do they exist? Can we somehow parametrise
them? What analytical properties do they have? As overviewed in the introduction,
spherical functions essentially are the spherical matrix coefficients of admissible
representations of G. So the classification of spherical functions has deep ties with
the classification of spherical admissible representations of G (that was achieved by
Langlands). There is some subtlety here related to the reducibility of certain induced
representations, but we won’t go into it.

For ν ∈ a∗C define

(6.1) ϕν(g) =

∫
K

e(ρ+iν)(A(kg)) dk.

Here the Haar measure on K is normalised such that
∫
K
dk = 1. The integrand is

continuous and K is compact so the integral (6.1) converges.

Remark 6.1. As we shall see below, the function Fν : g 7→ eν(A(g)) is already a right-K-
invariant eigenfunction of each D ∈ DK(g). So definition (6.1) is natural: to produce a
left-K-invariant eigenfunction, we average Fν over K. That we are using ρ+ iν instead of ν
is a purely a normalisation question.

Proposition 6.2. For all ν ∈ a∗C the function ϕν is a spherical function.

Proposition 6.3. For all s ∈ W and for all ν ∈ a∗C we have ϕsν = ϕν.

Theorem 6.4 (Harish-Chandra). Every spherical function is of the form ϕν for
some ν ∈ a∗C. Moreover we have ϕλ = ϕν if and only if λ = sν for some s ∈ W .

We can already prove Proposition 6.3

Proof of Proposition 6.3. To prove ϕν = ϕsν it suffices to prove that for all f ∈ Cc(G)
we have ∫

G

ϕsν(g)f(g) dg =

∫
G

ϕν(g)f(g)dg.

Since moreover ϕν = ϕsν are bi-K-invariant, it suffices to prove it for f bi-K-invariant,
which we shall henceforth assume. By the Iwasawa integration formula (Theorem 5.8)
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we have ∫
G

ϕsν(g)f(g) dg =

∫
K

∫
G

e(ρ+isν)(A(kg))f(g) dkdg

=

∫
G

e(ρ+isν)(A(g))f(g) dg

=

∫
A

∫
N

e(isν−ρ)(log(a))f(na)da

=

∫
A

eisν(log(a))Ff (a)da =

∫
A

eiν(log(a))Ff (a
s)da.

where Ff(a) = eρ(log(a))
∫
N
f(an)dn. Now by Theorem 5.15 we have Ff(a) = Ff(a

s),
which finishes the proof. □

To prove Proposition 6.1 and Theorem 6.4 we must return to studying the algebra
of differential operators, which will be the object of Section 7.

6.3. The inversion theorem. We shall denote by C∞
c (G�K) the subspace of C∞(G)

consisting of functions f with compact support and satisfying f(k1gk2) = f(g) for
all k1, k2 ∈ K and for all g ∈ G. If f ∈ C∞

c (G �K), its spherical transform is by
definition the function on a∗C defined by

f̃(ν) =

∫
G

f(x)ϕ−ν(x) dx.

It is a non-abelian generalisation of the Fourier transform, where we integrate a given
function against an eigenfunction of the invariant differential operators. The aim of
the following results is to describe the image of the spherical transform and to give
an inversion formula.

Theorem 6.5 (Spherical inversion theorem). There exists a holomorphic function c
defined on a W -invariant open subset of a∗C containing a∗ such that c is W -invariant
and such that for all f ∈ C∞

c (G �K) we have

f(g) =

∫
a∗
f̃(ν)ϕν(g)

dν

|c(ν)|2

for all g ∈ G. Moreover ∫
G

|f(g)|2 dg =
∫
a∗
|f̃(ν)|2 dν

|c(ν)|2
.
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An entire function h on a∗C is a Paley-Wiener function if there exists R > 0
such that for all non-negative integer N there exists a constant CN such that

|h(ν)| ≤ CN(1 + |ν|)−NeR|ℑ(ν)|

for all ν ∈ a∗C. Here |ν| denotes any norm on a∗C (a different choice of norm amounts
to change the constants R and CN). We shall denote by HW (a∗C) the space of
Paley-Wiener functions h on a∗C which furthermore satisfy the functional equation
h(sν) = h(ν) for all s ∈ W .

Theorem 6.6 (Paley-Wiener theorem). The spherical transform is a bijection from
C∞
c (G �K) to HW (a∗C).

The crucial ingredient is Harish-Chandra’s expansion of the spherical functions.
The latter controls the analytical behaviour of ϕν , and Theorems 6.6 and 6.5 may be
deduced from it using techniques of complex analysis. Harish-Chandra’s expansion of
the spherical functions will be the object of Section 8.

7. Spherical functions and the algebra D(G)

We start with fixing some notations. In the following if X ⊂ D(G) we let X D(G)
(respectively D(G)X ) be the right (respectively left) ideal of D(G) generated by X .
Next, since D(A) is commutative and generated by a, each linear map ν : a → C
extends uniquely to a homomorphism of D(A) to C, that we shall denote D 7→ D(ν).

Remark 7.1. This notation might seem counter-intuitive: after all if H ∈ a then the value
of ν evaluated at H is denoted by ν(H), and not H(ν). The reason we are using this notation
(besides following [Hel00]) is that we want to emphasise the symmetric algebra structure,
that is, the structure of polynomial functions over a∗. Note that if G is commutative then
so are g and D(G). Thus in the case of G = A the isomorphism σ from Corollary 3.20 is
not only a vector space isomorphism, but an isomorphism between the algebras S(a) and
D(A). Then given D ∈ D(A), the polynomial ν 7→ D(ν) is nothing but σ−1(D). Lemma 7.3
below offers a new perspective on this isomorphism, namely D(ν) is also the eigenvalue of

a 7→ eν(log(a)).

7.1. Existence of spherical functions. The aim of this section we prove Proposi-
tion 6.2. We start with preparatory lemmas.

Lemma 7.2. Let D ∈ D(G). Then there exists a unique element Da ∈ D(A) such
that

(7.1) D −Da ∈ nD(G) +D(G)k.
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Moreover if F ∈ C∞(G) satisfies F (ngk) = F (g) for all n ∈ N, g ∈ G, k ∈ K then
we have

(7.2) (DF )|A = Da(F|A).

The operator Da is called the radial part of D relative to the Iwasawa
decomposition. This is the central ingredient in the proof of Proposition 6.2

Proof. By the decomposition g = n+ a+ k there is a basis X1, · · · , Xn of g such that
X1, · · · , Xdim(n) ∈ n, Xdim(n)+1, · · · , Xdim(n)+dim(a) ∈ a, Xdim(n)+dim(a)+1, · · · , Xn ∈ k.
By part (1) of Corollary 3.19 we can express uniquely

(7.3) D =
∑

e1,··· ,en≥0

ae1,··· ,enX
e1
1 · · ·Xen

n .

Letting Da be the sum of terms which only involve basis elements of a, it is clear
that (7.1) holds. The uniqueness amounts to showing that

D(A) ∩ (nD(G) +D(G)k) = {0}.
This follows from the observation that in the representation (7.3) of a non-zero element
of nD(G) +D(G)k, each term must non-trivially involve either a basis element of n
or of k (because n and k are Lie algebras). To prove (7.2) it suffices to show

(DTF )(a) = (XDF )(a) = 0

for all D ∈ D(G), T ∈ k and X ∈ n. Since F is right-K-invariant, we immediately
have TF = 0. Next,

(XDF )(a) = lim
t→0

(DF )(a exp(tX))− (DF )(a)

t
.

But a exp(tX)a−1 ∈ N and thus by left-invariance of D

(DF )(a exp(tX)) = L(a exp(tX)a−1)(DF )(a) = (DF )(a)

whence (XDF )(a) = 0. □

Lemma 7.3. For all ν ∈ a∗C the function g 7→ eν(A(g)) is an eigenfunction of each
D ∈ DK(G) with eigenvalue Da(ν).

Proof. Let F (g) = eν(A(g)) and let D ∈ DK(G). Let Da be the radial part of D as in
Lemma 7.2. Then by A-invariance we have for all a1, a2 ∈ A

L(a1)Da(F|A)(a2) = Da(L(a1)F|A)(a2) = Da(F (a1)F|A)(a2) = F (a1)Da(F|A)(a2).

In particular taking a2 = e we obtain

Da(F|A)(a1) = λDF (a1),
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where λD = Da(F|A)(e). In fact if D = H ∈ a (so Da = H) then by (3.9) we have

Da(F|A)(e) =

(
d

dt
eν(A(exp tH))

)
t=0

=

(
d

dt
eν(tH)

)
t=0

= ν(H)

and so we see that for any D ∈ DK(G) we have λD = Da(ν). Thus by Lemma 7.2 we
have

(DF )(a) = λDF (a)

for all a ∈ A. By left-N -invariance and right-K-invariance, we have

(DF )(g) = λDF (g)

for all g ∈ G, which is the desired result. □

Proof of Proposition 6.2. We have three things to check, namely

(1) ϕν(e) = 1,
(2) ϕν is bi-K-invariant,
(3) ϕν is an eigenfunction of each differential operator D ∈ DK(G).

Item (1) follows from the normalisation of the Haar measure on K since A(k) = 0 for
k ∈ K. Similarly the right-K-invariance of ϕν follows from the right-K-invariance of
g 7→ A(g). For the left-K-invariance, if k0 ∈ K then changing variables k 7→ kk−1

0

in the integral we obtain ϕν(k0g) = ϕν(g). Finally for (3) let D ∈ DK(G). Let
F (g) = e(ρ+iν)(A(g)). By Lemma 7.3 we have (DF ) = Da(ρ+ iν)F . Then

D(ϕν)(g) =

∫
K

(DF )(kg)dk = Da(ρ+ iν)

∫
K

F (kg)dk,

as desired. The interchange of D with the integral symbol is justified because K is
compact (the details are left as an exercise). □

Remark 7.4. We have proved a bit more than Proposition 6.2, namely the proof shows
that for all D ∈ DK(G) the eigenvalue λD associated with ϕν is given by λD = Da(ρ+ iν).

7.2. The algebra DK(G). The aim of the subsequent sections is to prove Theorem 6.4.
In order to motivate what follows, we give an overview of the strategy of the proof. Let
ψ be a spherical function. We want to show ψ = ϕν for some ν ∈ a∗C. By definition,
for each D ∈ DK(G) there is a complex number λψ(D) such that Dψ = λψ(D)ψ.
Recall that the eigenvalue of ϕν for D is given by Da(ρ+ iν). We want to show two
facts, namely

(1) there exists ν ∈ a∗C such that for all D we have λψ(D) = Da(ρ+ iν),
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(2) a spherical function is completely determined by its system of eigenval-
ues λψ(D) – and hence we must have ψ = ϕν .

Property (2) follows from a regularity theorem for the solutions of certain differential
equations, and we shall not spend too much time on it. On the other hand, the map
D 7→ λψ(D) is an homomorphism from DK(G) to C, which furthermore vanishes on
DK(G)∩D(G)k since ψ is right-K-invariant. Thus to establish (1) it suffices to show
that every homomorphisms from DK(G) to C that vanishes on DK(G) ∩D(G)k is
of the form D 7→ Da(ρ + iν) for some ν ∈ a∗C. To do so we need a more in-depth
understanding of the algebra DK(G). In fact, we proceed in two steps

(1.1) We shall see in Theorem 7.10 below that the quotient D(G)/(DK(G)∩D(G)k)
we may be identified with the the subalgebra DW (A) of D(A) consisting of W -
invariant operators. In particular we will be reduced to studying commutative
algebras.

(1.2) We will show in Lemma 7.20 below that any homomorphism from DW (A) → C
is of the desired form.

The proof of (1.1) makes use of the symmetrisation map that we have seen in
Corollary 3.20, as well as of the Chevalley restriction theorem. The later is a deep
result whose proof involves techniques of commutative algebra as well as Galois theory.
The proof of (1.2) also uses commutative algebra, but is not as involved as the the
Chevalley restriction theorem.

We recall that if V is a finite dimensional vector space we denote by S(V ) the
symmetric algebra of V , and we recall the symmetrisation map σ : S(g) → D(G)
from Corollary 3.20. Given a non-negative integer d we let Sd(g) be the subspace of
S(g) consisting of polynomials of total degree at most d, and Dd(G) = σ(Sd(g)).

Lemma 7.5. We have D(G) = D(G)k⊕ σ(S(p)).

Proof. Given P ∈ S(g) we prove by induction on deg(P ) that there exists Q ∈ S(p)
such that σ(P−Q) ∈ D(G)k. LetX1, · · · , Xdim(p) be a basis of p andXdim(p)+1, · · · , Xn

be a basis of k, so X1, · · · , Xn is a basis of g. If deg(P ) ≤ 1 then we take Q to be
the part of P that does not involve the variables Xdim(p)+1, · · · , Xn. Now we assume
the induction hypothesis is true when deg(P ) < d and we prove it for deg(P ) = d.
Without loss of generality we may assume P = Xe1

1 · · ·Xen
n with e1 + · · ·+ en = d. If

edim(p)+1 + · · ·+ en = 0 we can take Q = P . Otherwise σ(P ) is a linear combination
of terms of the form Xj1 · · ·Xjd with Xji ∈ k for at least one i. We have

Di = Xj1 · · ·Xjd −Xj1 · · ·Xji−1
Xji+1

XjdXji ∈ Dd−1(G)
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and thus taking D ∈ Dd−1(G) to be a suitable linear combination of the terms Di we
obtain

σ(P )−D ∈ D(G)k.

By the induction hypothesis there is Q ∈ S(p)such that σ(Q)−D ∈ D(G)k and hence
σ(P −Q) ∈ D(G)k as requested. Thus we have shown

D(G) = D(G)k+ σ(S(p)).

It remains to show
D(G)k ∩ σ(S(p)) = {0}.

Let P ∈ S(p) such that P ̸= 0. Then there exists a function h : Rdim(p) → C such
that

(P (D1, · · · , Ddim(p))h)(0) ̸= 0,

where Di is the derivative with respect to the i-th variable. By the Cartan decompo-
sition Theorem 4.25, there exists f ∈ C∞(G) such that

f(exp(t1X1 + · · ·+ tdim(p)Xdim(p))k) = h(t1, · · · , tdim(p))

for all sufficiently small t1, · · · , tdim(p) and all k ∈ K. Then by (3.16) we have

σ(P )f(e) = (P (D1, · · · , Ddim(p))h)(0) ̸= 0,

and thus σ(P ) ̸∈ D(G)k. □

Corollary 7.6. Let IK(p) ⊂ S(p) be the set of AdG(K)-invariants. Then we have

DK(G) = (DK(G) ∩D(G)k)⊕ σ(IK(p)).

Proof. By definition DK(G) consists of AdG(K)-invariant operators in D(G). Since k
is stable under AdG(K), so is D(G)k. Moreover p is also stable under AdG(K),
hence using σ(AdG(g)P ) = AdG(g)σ(P ) we deduce that σ(S(p)) is also stable under
AdG(K). The corollary now follows by applying AdG(K) to both side of the direct
sum in Lemma 7.5. □

We let DW (A) be the subalgebra of D(A) consisting of W -invariant operators.
Since D(A) is commutative, DW (A) may be identified with the subalgebra IW (a)of
S(a) consisting of W -invariant polynomials.

Remark 7.7. Before proceeding any further we discuss some identifications that we shall
make from now on. The Killing form B is non-degenerate, and in particular there is an
isomorphism between p and p∗ sending X ∈ p to the linear form Y 7→ B(X,Y ). This
extends uniquely to an isomorphism between S(p) and S(p∗), henceforth we shall identify
these spaces without further comment. Similarly, we identify S(a) with S(a∗). In particular
elements P of S(p) may, and will, be considered as polynomial functions on p. It then
makes sense to consider the restriction P of the function P to the subspace a. Equivalently,
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under our identification, P is the unique element of S(a) such that P − P ∈ S(p)q (where q
is the B-orthogonal of a in p).

Note that if P ∈ IK(p) and if s ∈ W and k = ks ∈ K represents s then we have

P = Ad(k)P ∈ Ad(k)P + S(p)(Ad(k)q)

but since q is the orthogonal of a in p and since Ad(k) preserves a and p, it also
preserves q, and hence by uniqueness Ad(k)P = P , that is P ∈ IW (a).

Theorem 7.8 (Chevalley’s restriction theorem). Any W -invariant polynomial in
S(a) can be extended to an element of IK(p).

In other terms, Chevalley’s restriction theorem says that the restriction map
P 7→ P is a surjection from IK(p) to IW (a). We defer the proof to the next section.
However we find it illuminating to give an example.

Example 7.9. Consider G = SL2(R). Then g is given by 2 × 2 matrices whose trace
vanishes, and the Cartan involution is X 7→ −X⊤. Thus p consists of symmetric matrices
X =

[ x y
y −x

]
, and a consists of matrices of the form H = [ a −a ] and K = SO2(R). The

Weyl group has two elements and the non-trivial one acts on a via [ a −a ] 7→ [−a a ]. Let P
be a W -invariant polynomial in S(a). We might see as a polynomial in the variable a, and

the W -invariance means P (a) = P (−a). By definition its AdG(K)-invariant extension P̃
satisfies

P̃ (AdG(k)(H)) = P (H)

for all H ∈ a and for all k ∈ K. So to determine P̃ (X) we must determine H ∈ a such that
X = AdG(k)H = kHk−1 for some k ∈ K. Now observe

2a2 = tr(H2) = tr(X2) = 2(x2 + y2)

and thus

H = ±
[√

x2+y2

−
√
x2+y2

]
.

The choice of sign is irrelevant since P is W -invariant. So we find

P̃ (X) = P (
√
x2 + y2).

At first glance, the right hand side does not seem to necessarily define a polynomial in x, y
(or even a smooth function). However since P is even we can write P (a) = Q(a2) for some
polynomial Q and thus

P̃ (X) = Q(x2 + y2)

is indeed a polynomial.

We denote by eρ the map C∞(A) → C∞(A) defined by (eρf)(a) = eρ(log(a))f(a).
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Theorem 7.10. The map
γ : D 7→ e−ρDa ◦ eρ

is a surjective homomorphism from DK(G) to DW (A) with kernel DK(G) ∩D(G)k.

Proof. First, we need to see that e−ρDa ◦ eρ is indeed an element of D(A). It suffices
to check it when Da = H ∈ a. In this case using Leibniz’ law and Lemma 7.3, we
have for all f ∈ C∞(A)

e−ρH(eρf) = (H + ρ(H))f.

Note that this also implies

(7.4) deg(e−ρDa ◦ eρ) = deg(Da),

a fact that we will use below. Next the map γ is clearly linear, so to prove it is an
homomorphism we need to prove γ(D(1)D(2)) = γ(D(1))γ(D(2)) for all D(1), D(2) ∈
DK(A). Observe that

D(1)D(2) −D(1)
a D(2)

a = D(1)
a (D(2) −D(2)

a ) + (D(1)
a −D(1)

a )D(2),

and D(2)−D(2)
a , D(1)−D(1)

a ∈ nD(G)+D(G)k. Since D(2) ∈ DK(G) we have D(2)T =
TD(2) for all T ∈ k and hence

(D(1) −D(1)
a )D(2) ∈ nD(G) +D(G)k.

On the other hand since [n, a] ⊂ a we have

D(1)
a (D(2) −D(2)

a ) ∈ nD(G) +D(G)k,

and thus
(D(1)D(2))a = D(1)

a D(2)
a ,

from which follows γ is indeed a homomorphism. To prove the kernel isDK(G)∩D(G)k,
we start with the following claims.

Claim 1. For P ∈ S(p) let P be the unique element of S(a) such that P −P ∈ S(p)q,
as in Remark 7.7. Then for each nonconstant P ∈ IK(p) we have

deg(γ(σ(P ))− P ) < deg(P ).

Proof of the claim. Let d be the degree of P . Writing any element X ∈ q as

X = Z − θZ = 2Z − (Z + θZ)

where Z ∈ n, we see that

P − P ∈ nSd−1(g) + Sd−1(g)k.
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Since a is commutative, we have σ(P ) = P . Moreover observe that if Q1 ∈ Sd1(g)
and Q2 ∈ Sd2(g) then

σ(Q1Q2) ∈ σ(Q1)σ(Q2) +Dd1+d2−1(G).

Thus
σ(P )− P ∈ nD(G) +D(G)k+Dd−1(G).

Taking the radial part and using (7.4), the claim follows. □claim

Claim 2. For P ∈ IK(p) and P as above we have deg(P ) = deg(P ).

Proof of the claim. First observe that if P ∈ S(p) then deg(P ) = deg(AdG(k)P ) for
all k ∈ K, and in particular if P is AdG(K)-invariant then so are its homogeneous
components. Thus we may without loss of generality assume that P is homogeneous.
Then P is homogeneous and either P = 0 or deg(P ) = deg(P ). By Lemma 4.27 we
have

AdG(K)a = p,

hence P is determined by its restriction to a, so if P = 0 then P = 0. □claim

Now let D ∈ DK(G) ∩D(G)k. Since ϕν is right-K-invariant, we have Dϕν = 0,
whence (ρ+ iν)(Da) = 0 for all ν ∈ a∗C. This implies Da = 0 and hence D ∈ ker(γ),
as requested. For the reverse inclusion, let D ∈ DK(G) such that γ(D) = 0. By
Corollary 7.6 we have D = D1 + σ(P ) for some D1 ∈ DK(G)∩D(G)k and P ∈ IK(p).
Then γ(σ(P )) = 0 and thus by the Claim 1 if P is nonconstant then deg(P ) < deg(P ),
which contradicts Claim 2. Thus D ∈ DK(G) ∩D(G)k.

Finally we need to prove that the image of γ is indeed DW (A). Let DK ∈ D(G).
Then by Remark 7.4 we have

Dϕν = Da(ρ+ iν)ϕν = γ(D)(iν)ϕν .

Now Proposition 6.3 implies that γ(D), viewed as a polynomial on a∗C, is W -invariant,
that is γ(D) ∈ IW (a) = DW (A). For the surjectivity, let Q ∈ IW (a) be a homogeneous
polynomial of degree d. We prove by induction on d that there exists D ∈ DK(G)
such that γ(D) = Q. For d = 0 this is obvious. Let d > 0 and by Chevalley’s
restriction Theorem 7.8 consider P ∈ IK(p) such that P = Q. By Claim 2 we have
deg(P ) = d and thus by Claim 1 we have

deg(γ(σ(P ))−Q) < d.
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Since we have just proved γ(σ(P )) ∈ IW (a) and since Q ∈ IW (a) by assumption, we
have

γ(σ(P ))−Q ∈ IW (a)

and thus by induction hypothesis there exists D1 ∈ DK(G) such that γ(D1) =
γ(σ(P ))−Q. By Corollary 7.6 we have σ(P ) ∈ DK(G), thus taking D = σ(P )−D1

finishes the proof. □

7.3. A proof of Chevalley’s restriction theorem. We give an algebraic proof
of Theorem 7.8, following [Hel62, Chap. X, Theorem 6.10]. An analytic proof can
be found in [Hel00, Chap. II, Theorem 5.8]. The latter works more generally for
smooth functions, and the case of polynomials is derived from the fact that a smooth
homogeneous function is a polynomial.

We start with some algebra prerequisites. Let A be an integral domain and R ⊂ A
be a subring. An element x ∈ A is integral over R if there exists a monic polynomial
P ∈ R[X] such that P (x) = 0. If every x ∈ A is integral over R, we say A is integral
over R. Given an integral domain R, we denote by Frac(R) its field of fractions.
Then R is integrally closed if any element of Frac(R) that is integral over R belongs
to R.

Lemma 7.11. Let A be an integral domain and R ⊂ A be a subring. Assume x, y ∈ A
are integral over R. Then the ring R[x, y] is integral over R.

Proof. Since x is integral over R we have xn = an−1x
n−1 + · · ·+ a0 for some integer

n and a0, · · · , an−1 ∈ R, and similarly ym = bm−1x
m−1 + · · ·+ b0. Therefore R[x, y] is

generated by R and the elements Yi := xi1yi2 with 0 ≤ i1 ≤ n− 1 and 0 ≤ i2 ≤ m− 1.
Therefore given p ∈ R[x, y] we can write

pYi =
∑
j

ai,jYj

for some ai,j ∈ R, that is AY = 0, where Ai,j = δii,jjp − ai,j. Multiplying by the
transpose comatrix of A we deduce (detA)Y = 0 and hence detA = 0. But detA is
a monic polynomial in p with coefficients in R, so p is integral over R, as desired. □

Lemma 7.12. Any unique factorisation domain R is integrally closed.

Proof. Let x ∈ Frac(R) and let P (X) = Xn + an−1X
n−1 + · · · + a1X + a0 ∈ R(X)

such that P (x) = 0. Write x = α
β
with α, β ∈ R relatively prime. Then we have

−αn = an−1α
n−1β + · · ·+ a1αβ

n−1 + βn.
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If β has a prime factor γ then γ must divide αn thus γ divides α, contradicting the
fact that α and β are relatively prime. Thus β is a unit, hence x ∈ R as desired. □

In particular since the polynomial algebra in n indeterminates C[X1, · · · , Xn] is a
unique factorisation domain, the symmetric algebra S(p) is integrally closed.

Lemma 7.13. If P1, P2 ∈ IK(p) and P1 = P2Q with Q ∈ S(p) then Q ∈ IK(p).

Proof. By AdG(K)-invariance we have

P1 =

∫
K

AdG(k)P1 dk =

∫
K

AdG(k)(P2Q) dk = P2

∫
K

AdG(k)Qdk

and hence

Q =

∫
K

AdG(k)Qdk.

But the right hand side is manifestly AdG(K)-invariant, thus so is Q. □

Lemma 7.14. The ring IK(p) is integrally closed.

Proof. Let q ∈ Frac(IK(p)) ⊂ Frac(S(p)) be integral over IK(p). Since IK(p) is a
subring of S(p), q is in particular integral over S(p) which as we just saw is integrally
closed, thus q ∈ S(p). Now write q = p1

p2
with p1, p2 ∈ IK(p). By Lemma 7.13 we have

q ∈ IK(p). □

We now let J ⊂ IW (a) be the image of IK(p) under the restriction map P 7→ P .
Proving Chevalley’s restriction theorem amounts to prove that J = IW (a). By the
argument of Claim 2 in the proof of Theorem 7.10, the map P 7→ P is injective on
IK(p), thus J is isomorphic to IK(p), and in particular by Lemma 7.14 J is integrally
closed.

Lemma 7.15. The ring S(a) is integral over J .

For X ∈ p let TX be the restriction of (adX)2 to p. Note that TX is an endomor-
phism as for all X, Y ∈ p we have

θ([X, [X, Y ]] = [θX, [θX, θY ]] = −[X, [X, Y ]].

In particular we may consider its characteristic polynomial

χ(X;λ) = det(λI − TX).

Note that for all k ∈ K we have

TAdG(k)X = AdG(k) ◦ TX ◦ AdG(k)−1,
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and in particular χ(X;λ) is AdG(K)-invariant in the variable X.

Lemma 7.16. Fix H ∈ a. The roots of the polynomial χ(H;λ2) are 0 and the
numbers α(H), where α ∈ Σ.

Proof. For X ∈ aC we have (adH)(X) = [H,X] = 0 and hence 0 is in particular
an eigenvalue of (adH)2 with multiplicity dim a. Hence 0 is a root of χ(H;λ2) with
multiplicity (at least) 2 dim a. Next let α be a positive root and let Xα ∈ g be a
corresponding root vector. Then we have Xα − θXα ∈ p and

(adH)(Xα) = α(H)Xα,

(adH)(θXα) = −α(H)θXα,

thus (adH)2(Xα − θXα) = α(H)2(Xα − θXα). Using Remark 4.10 we deduce that
α(H)2 is an eigenvalue of TH with multiplicity mα = dim gα, and hence a root of
χ(H;λ) with multiplicity (at least) mα. Thus α(H) and −α(H) are both roots of
χ(H;λ2) with multiplicity (at least) mα each. But using Remark 4.10 again we have

degχ(H;λ2) = 2 dim p = 2dim a+ 2dim q = 2dim a+ 2dim n

= 2dim a+
∑
α∈Σ

mα,

and so we have found all the roots of χ(H;λ2). □

Proof of Lemma 7.15. Since the characteristic polynomial

χ(X;λ) = det(λI − TX) = λr + Pr−1(X)λr−1 + · · ·+ P0(X)

of TX is AdG(K)-invariant, the coefficients Pi(X) are themselves AdG(K)-invariant
polynomial functions on p, that is (under the identification from Remark 7.7) Pi ∈
IK(p) for all i. In particular their restriction to a belongs to J , that is

(7.5) χ|a ∈ J [λ].

Now let α be a positive root. By Lemma 7.16 we get the following identity of functions
on a

α2r + Pr−1α
2(r−1) + · · ·+ P0 = 0,

which proves that α ∈ S(a) is integral over J . Since by Proposition 4.12 every linear
function on a is a linear combination of positive roots, we have

(7.6) S(a) = J [α|a]α∈Σ+ .

Using Lemma 7.11 the result follows. □

Lemma 7.17. Let H0 ∈ a and H1 ∈ aC such that P (H0) = P (H1) for all P ∈ J .
Then H1 = sH0 for some s ∈ W .
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Proof. By Lemma 7.16 for any H ∈ aC the roots of the polynomial χ(H;λ2) are 0
and the numbers ±α(H), where α is a positive root. On the other hand from our
assumption we have

χ(H0;λ
2) = χ(H1;λ

2)

for all λ ∈ C. Thus α(H1) = α(H0) is real for each positive root α, which implies
H1 ∈ a. Next we prove there is k ∈ K such that H1 = AdG(k)H0. Using Lemma 4.35
this will finish the proof. Assume for contradiction this is not the case. Since the
orbits AdG(K)H0 and AdG(K)H1 are both compact and disjoint from each other,
there exists a real-valued continuous function on p that is identically zero on the orbit
AdG(K)H0 and identically one on the orbit AdG(K)H1. By the Stone-Weierstrass
approximation theorem, there exists P ∈ S(p) such that

|P (H)| < 1
3
for H ∈ AdG(K)H0,

|P (H)| > 2
3
for H ∈ AdG(K)H1.

Then the polynomial Q =
∫
K
AdG(k)P dk belongs to IK(p) but takes different values

on H0 and H1, contradicting our assumption. □

We now have all the tools in hand to prove Chevalley’s restriction theorem.

Proof of Theorem 7.8. Let K = Frac(J) and L = Frac(S(a)). As previously dis-
cussed, the characteristic polynomial (7.5) it is completely reducible over L and its
roots are 0 and ±α|a. By (7.6) we have L = K[α|a]α∈Σ+ . Thus L is the splitting field
of χ|a over K, in particular the extension L/K is Galois. Now let σ ∈ Gal(L/K).
Then σ permutes the roots of χ|a(λ) and in particular we have σ(S(a)) = S(a). Now
fix H0 ∈ a and consider the homomorphism

ϵ : S(a) → C
P 7→ σ(P )(H0).

In particular its restriction to a is a linear form and thus by duality there exists
H1 ∈ a such that

ϵ(H) = B(H,H1)

for all H ∈ a. Then we have ϵ(P ) = P (H1) for all P ∈ S(a). In particular for P ∈ J
we have

P (H1) = ϵ(P ) = σ(P )(H0) = P (H0)

and hence by Lemma 7.17 we have H1 = sH0 for some s ∈ W . Now let Q ∈ IW (a).
Then we have

σ(Q)(H0) = ϵ(Q) = Q(H1) = Q(sH0) = Q(H0).
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Since H0 ∈ a was arbitrary we deduce σ(Q) = Q for all σ ∈ Gal(L/K) and for all
Q ∈ IW (a). By the fundamental theorem of Galois theory we have IW (a) ⊂ K =
Frac(J). By Lemma 7.15 IW (a) ⊂ S(a) is integral over J , and as mentioned above J
is integrally closed. This implies IW (a) = J and the proof is finished. □

Remark 7.18. As a by-product of the proof we have obtained that Gal(L/K) = W . Indeed,
the inclusion W ⊂ Gal(L/K) is immediate by definition of IW (a). Conversely we have
shown that for any H0 ∈ a and σ ∈ Gal(L/K) there exists s ∈ W such that

B(σ(H), H0) = B(H, sH0) = B(sH,H0)

for all H ∈ a. This implies in particular σ(H) = sH for all H ∈ a, and since σ is completely
determined by its restriction to a, the reverse inclusion holds as well.

7.4. A proof of Harish-Chandra’s theorem. Theorem 7.10 provides us with
a detailed description of the algebra DK(G). To complete the strategy outlined
at the beginning of § 7.2, we need to understand the homomorphisms from IW (a)
to C. We start with another result from commutative algebra. For our purpose, a
commutative algebra over C is a complex vector space A together with a bilinear
map · : A × A → A such that (A, ·) is an integral domain. We recall that if A is
a commutative ring, then a maximal ideal of A is an proper ideal I of A not
contained in any other proper ideal, and that an ideal of A is maximal if and only if
A/I is a field.

Theorem 7.19. Let B be a finitely generated commutative algebra. Let A ⊂ B be
a subalgebra such that B is integral over A. Then every homomorphism χ : A→ C
extends to a homomorphism χ̃ : B → C.

Proof. If χ = 0 we take χ̃ = 0. Assume χ ̸= 0. Then A/ ker(χ) ≃ C thus ker(χ) is a
maximal ideal of A.

Claim 3. There exists a maximal ideal N of B such that A ∩ N = ker(χ).

Proof of the claim. Consider the set S of all ideals I of B satisfying I ∩A ⊂ ker(χ).
It is partially ordered by inclusion, and every totally ordered subset I has an upper
bound

⋃
I∈I I . By Zorn’s lemma, S has a maximal element N . Assume for

contradiction N ∩ A ⊊ ker(χ) and let x ∈ ker(χ) \ N . Then N + Bx is an ideal
strictly containing N , by maximality of N in S we must have (N +Bx)∩A ̸⊂ ker(χ).
So let y ∈ (A ∩ (N +Bx)) \ ker(χ). By definition there exists b ∈ B such that

(7.7) y − bx ∈ N

Since by assumption B is integral over A, there exist a0, · · · , an−1 ∈ A such that

bn + an−1b
n−1 + · · ·+ a0 = 0.
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Multiplying by xn and using (7.7) we deduce

yn + an−1xy
n−1 + · · ·+ a0x

n ∈ N ∩ A ⊂ ker(χ).

But since x ∈ ker(χ) we deduce yn ∈ ker(χ) and thus y ∈ ker(χ), contradicting our
assumption. Hence N ∩ A = ker(χ). Next we prove N is a maximal ideal of B.
Assume there is a maximal ideal M of B such that N ⊊ M . Then M ∩ A is
an ideal of A containing ker(χ), and since N is a maximal element of S we have
M ̸∈ S, hence M ∩ A ̸= ker(χ). But since ker(χ) is a maximal ideal of A, it follows
M ∩ A = A. Now let b ∈ B. Since B is integral over A and since A ⊂ M , we have
bn ∈ M for some positive integer n. Since M is a maximal ideal we deduce b ∈ M .
Since b was arbitrary we have B = M , a contradiction. Thus N is a maximal ideal
of B. □claim

Now since B is finitely generated let b1, · · · , bn ∈ B such that B = C[b1, · · · , bn].
Since A contains C (via the isomorphism z 7→ z · 1A) we have in particular B =
A[b1, · · · , bn]. Now since each bi is integral over A, we have B = Ax1 + · · · + Axm
for some x1, · · · , xm ∈ B (of the form xi = b

d1,i
1 · · · bdn,i

n ). Using A = C+ ker(χ) and
A∩N = ker(χ) we deduce that the field B/N is a finite extension of A/ ker(χ) ≃ C.
Since C is algebraically closed, we have B/N = C. Thus we may extend χ via

B → B/N = A/ ker(χ)
χ−→ C,

where the first map is the quotient map. □

Lemma 7.20. The homomorphisms IW (a) → C are of the form

χν : P 7→ P (ν),

where ν ∈ a∗C. Furthermore we have χν = χλ if and only if λ = sν for some s ∈ W .

Proof. By Lemma 7.15 and Theorem 7.8, S(a) is integral over J = IW (a). Let
χ : IW (a) → C be a homomorphism. By Theorem 7.19, χ extends to a homomorphism
χ̃ : S(a) → C. Now if X1, · · · , Xn is a basis of a then χ̃ is completely determined
by its value on X1, · · · , Xn, that is, χ̃ is given by the evaluation at some ν ∈ a∗C
and hence χ = χν . Now let ν, λ ∈ a∗C such that P (ν) = P (λ) for all P ∈ IW (a). By
an argument similar as Lemma 7.17 we have λ = sν for some s ∈ W , finishing the
proof. □

We admit the following.

Fact 1. Spherical functions are analytic.

We shall not prove it here, but we give an idea, following [Hel00, page 400]. The
Riemannian manifold G/K, has with a G-invariant structure , which is analytic.
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Spherical functions on G may be viewed as functions on G/K which are in particular
eigenfunctions of the Laplace-Beltrami operator. This operator has analytic coef-
ficients, and is elliptic, and thus by a theorem of Bernstein its eigenfunctions are
analytic. Alternatively, we could have included the assumption that ϕ is analytic in
our definition of spherical functions, but the argument sketched above shows that
this is not necessary.

Proof of Theorem 5.15. We follow the strategy outlined at the beginning of § 7.2.
Let ψ be a spherical function. For all D ∈ DK(G) let λψ(D) be the eigenvalue of D
associated to ψ. Then the map D 7→ λψ(D) is a homomorphism of DK(G) to C. Since
ψ is right-K-invariant, this homomorphism vanishes onDK(G)∩D(G)k, and thus gives
rise to a homomorphism λψ : DK(G)/(DK(G) ∩D(G)k) → C. Composing with the
inverse of the map γ from Theorem 7.10, we get a homomorphism λψ ◦ γ−1DW (A) →
C. Since DW (A) ≃ IW (a) by Lemma 7.20 this homomorphism is of the form
D 7→ D(ρ + iν) for some ν ∈ a∗C. Of course for D ∈ IW (a) we have D = Da and
hence we have shown that λψ(D) coincides with the corresponding eigenvalue for ϕν
for all D ∈ DK(G). Now let D ∈ D(G). Consider the operator D0 defined by

(D0f)(g) =

∫
K

[(AdG(k)D)f ](g) dk

for all f ∈ C∞(G). Then D0 ∈ DK(G) and moreover since ψ is right-K-invariant
and Dψ is left-K-invariant

λψ(D0) = (D0ψ)(e) =

∫
K

(Dψ)(k) dk = (Dψ)(e).

In particular using (3.10) and Proposition 3.16, since ψ is analytic it is determined
by its eigenvalues and hence equals ϕν . Finally, if ϕν = ϕλ then in particular ϕν and
ϕλ have the same eigenvalues and thus by Lemma 7.20 λ = sν for some s ∈ W . □

8. The spherical function expansion

The aim of this section is to state and prove Harish-Chandra’s expansion of
the spherical function ϕν , which encapsulates some of the analytic properties of ϕν
and introduces the important c-function. To this end, we start with introducing a
differential operator of central importance, the Laplacian Ω. The Laplacian is left
and right G-invariant, and in particular it is an element of DK(G). Thus ϕν satisfies
the differential equation

(8.1) Ωϕν = Ωa(ρ+ iν)ϕν .
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Moreover ϕν is bi-K-invariant, hence by the Cartan decomposition ϕν is completely
determined by its restriction ϕν |A+ to A+. From (8.1) we will deduce that ϕν |A+ in
turn satisfies the differential equation

(8.2) ∆(Ω)Φν = Ωa(ρ+ iν)Φν ,

where ∆(Ω) is the radial part of Ω relative to the Cartan decomposition (that we will
introduce in Section 8.1 below). We will make an ansatz on the solutions to (8.2),
namely we will look for solutions Φν given by

Φν(exp(H)) = e(iν−ρ)(H)
∑
µ∈Λ+

Γµ(ν)e
−µ(H),

where H ∈ a+,

Λ+ = {n1α1 + · · ·+ nkαk : n1, · · · , nk ∈ Z≥0},
and the coefficients Γµ(ν) are unknown. Here α1, · · · , αk are the positive roots. We
will find there exists only one such solution Φν (up to scaling). Furthermore we will
explicitly determine the coefficients Γµ(ν). In addition we will show that Φν satisfies
not only (8.2), but is also a solution of

(8.3) ∆(D)Φν = Da(ρ+ iν)Φν ,

for each D ∈ DK(G). Next, for each element s of the Weyl group W the function Φsν
will also satisfy (8.3), and we will show these functions are linearly independent (at
least when ν does not belong to certain hyperplanes). Moreover we will show the
following.

Proposition 8.1. Let χ : DK(G) → C be a homomorphism and let Eχ be the space
of functions Φ on A satisfying

∆(D)Φ = χ(D)Φ

for all D ∈ DK(G). Then dim(Eχ) ≤ |W |.

The conclusion of this discussion is that ϕν |A is given by a suitable linear combi-
nation of the form ∑

s∈W

c(sν)Φsν ,

where c(ν) is by definition the Harish-Chandra’s c-function. This will provide the
desired expansion for ϕν .

Remark 8.2. In the proof of Proposition 8.1 we will admit that any ϕ ∈ Eχ is analytic.
This follows from a similar argument as the analyticity of the spherical functions, using an
elliptic regularity theorem. Alternatively, we prove the weaker statement that the space of
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analytic functions in Eχ has dimension at most |W |. This weaker statement is sufficient for
our later purpose, since ϕν |A is analytic.

8.1. The radial part relative to the Cartan decomposition. In Section 7.1 we
have already seen an example of radial part of an operator, namely the radial part
for the Iwasawa decomposition. We now introduce the radial part relative to the
Cartan decomposition. For a unified definition of “radial parts” from a geometric
perspective, see [Hel00, Chap. II § 3]. Given D ∈ DK(G), we define an operator
∆(ΩG) on C

∞(A+) by
∆(D)(f|A+) = (Df)|A+

for all f ∈ C∞(G�K). By Theorem 4.36 if f1, f2 ∈ C∞(G�K) coincide on A+ then
f1 = f2 thus ∆(D) is well defined. Moreover the restriction to A+ is a surjection from
C∞(G �K) to C∞(A+), so ∆(D) is indeed defined on all of C∞(A+). The operator
∆(D) is called the radial part of D relative to the Cartan decomposition.

8.4. The Laplacian. Fix an orthogonal basis X1, · · · , Xdim(g) of g. We define the
Laplacian on G by

ΩG =

dim(g)∑
i=1

Xi ◦Xi

B(Xi, Xi)
∈ D(G).

Remark 8.11. The Killing form B is not definite on g, thus there is no orthonormal basis.
However we may still diagonalise B, which does ensure the existence of an orthogonal
basis X1, · · · , Xdim(g). Moreover B is non-degenerate, and hence if X1, · · · , Xdim(g) is any
orthogonal basis then we have B(Xi, Xi) ̸= 0 for all i, ensuring that our definition makes
sense.

We first check that this definition does not depend on the choice of an orthonormal
basis. Observe first that the dual basis is given by

(8.7) X∗
i =

B(Xi, ·)
B(Xi, Xi)

.

Recall the symmetrisation map σ from Corollary 3.20. Then we have ΩG = σ (N) ,
where

N =

dim(g)∑
i=1

X2
i

B(Xi, Xi)
∈ S(g).

Now let ν ∈ g∗. Recall that since the Killing form is non-degenerate, there exists
Aν ∈ g (that does not depend on the choice of basis) such that ν = B(·, Aν). By (8.7)



78 FÉLICIEN COMTAT

we have

Aν =

dim(g)∑
i=1

B(Xi, Aν)

B(Xi, Xi)
Xi,

and thus

(8.8) N(ν) =

dim(g)∑
i=1

ν(Xi)
2

B(Xi, Xi)
=

dim(g)∑
i=1

B(Xi, Aν)
2

B(Xi, Xi)
= B(Aν , Aν) = ⟨ν, ν⟩.

Hence we have showed N does not depend on the choice of orthogonal basis, and a
fortiori ΩG = σ(N) does not either.

Lemma 8.12. For all g ∈ G we have AdG(g)ΩG = ΩG.

Proof. By definition

AdG(g)ΩG =

dim(g)∑
i=1

Yi ◦ Yi
B(Xi, Xi)

=

dim(g)∑
i=1

Yi ◦ Yi
B(Yi, Yi)

,

where Yi = AdG(g)Xi and we have used that the Killing form is AdG-invariant. In
particular (Yi)i is an orthogonal basis and hence by the discussion above the right
hand side equals ΩG. □

Remark 8.13. Lemma 8.12 states that ΩG is right-invariant under every element of G.
Although we have not talked about universal enveloping algebras, this says that ΩG is an
element of the centre of the universal enveloping algebra.

The subgroup A is itself a Lie group, and in particular the Laplacian ΩA ∈ D(A)
is defined just the same way.

Theorem 8.18. We have

∆(ΩG) = ΩA +
∑
α∈Σ+

mα(cothα)Aα,

where Aα ∈ a is such that α(H) = B(Aα, H) for all H ∈ a and we have identified α
with the function a 7→ α(log a).

8.5. The root lattice. In order to study the Harish-Chandra expansion below
(among other things) we need to investigate the root lattice

Λ = {n1α1 + · · ·nℓαℓ : n1, · · · , nℓ ∈ Z},
where {α1, · · · , αℓ} = Σ.
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Proposition 8.19. Let α, β ∈ Σ. Then

2
⟨α, β⟩
⟨β, β⟩

∈ Z.

Moreover if α ̸= β and α− β ̸∈ Σ then ⟨α, β⟩ ≤ 0.

Proof. It suffices to consider the case when α ̸= β. Moreover without loss of generality
we may assume α−β ̸∈ Σ, as otherwise we may replace α with α−(n−1)β, where n is
the first non-negative integer such that α−nβ ̸∈ Σ (such an integer exists considering
Σ is finite). Now let Xα ∈ gα and Xβ ∈ gβ be non-zero root vectors. Recall from the
proof of Theorem 4.9 that H = [Xβ, θXβ] ∈ g0 ∩ p = a. Inductively define e0 = Xα

and en+1 = [Xβ, en] ∈ gα+(n+1)β. We prove by induction that for all integer n ≥ 1 we
have

(8.10) [θXβ, en] = −n
(
α(H) +

n− 1

2
β(H)

)
en−1.

For n = 1 observe that [θXβ, Xα] ∈ gα−β = {0} by assumption, and thus

[θXβ, [Xβ, Xα]] = −[Xα, [θXβ, Xβ]] = −α(H)Xα,

as desired. Next using the induction hypothesis we have

[θXβ, en+1] = [θXβ, [Xβ, en]]

= −[Xβ, [en, θXβ]]− [en, [θXβ, Xβ]]

= −n
(
α(H) +

n− 1

2
β(H)

)
[Xβ, en−1]− (α(H) + nβ(H)en

= −(n+ 1)
(
α(H) +

n

2
β(H)

)
en.

Now since Σ is finite, we have gα+(n+1)β = {0} for all n large enough. In particular
there is a maximal integer n ≥ 0 such that en ̸= 0. Thus [θXβ, en+1] = 0 and
using (8.10) we deduce

(8.11) α(H) +
n− 1

2
β(H) = 0.

Now if A ∈ a observe that by (4.4) we have

B(H,A) = B([Xβ, θXβ], A) = B([θXβ, A], Xβ)

= β(A)B(θXβ, Xβ),

from which we deduce H = B(θXβ, Xβ)Aβ, and hence

α(H) = B(θXβ, Xβ)B(Aα, Aβ) = B(θXβ, Xβ)⟨α, β⟩,
β(H) = B(θXβ, Xβ)B(Aβ, Aβ) = B(θXβ, Xβ)⟨β, β⟩,



80 FÉLICIEN COMTAT

and reporting this in (8.11) the proposition is proved. □

Corollary 8.20. Assume α, cα ∈ Σ for some c ∈ R. Then c ∈ {−2,−1,−1
2
, 1
2
, 1, 2}.

Proof. By Proposition 8.19 we have 2
c
∈ Z and 2c ∈ Z. □

Proposition 8.21. Let α1, · · · , αr be the simple roots. Then α1, · · · , αr are linearly
independent and generate the root lattice Λ, and r = dim a.

Proof. Consider a linear combination of α1, · · · , αr that vanishes. Upon reordering if
necessary, we may write it as

r′∑
i=1

aiαi =
r∑

j=r′+1

ajαj,

where ai ≥ 0 for 0 ≤ i ≤ r. Let λ =
∑r′

i=1 aiαi. Then we have

(8.12) 0 ≤ ⟨λ, λ⟩ =
r′∑
i=1

r∑
j=r′+1

aiaj⟨αi, αj⟩.

Now since αi, αj are simple roots, we have αi−αj ̸∈ Σ, and thus the second statement
of Proposition 8.19 implies ⟨αi, αj⟩ ≤ 0 for all i, j. Thus the right-hand side of (8.12)
is ≤ 0, from which follows ai = 0 for 0 ≤ i ≤ r, proving that α1, · · · , αr are linearly
independent. It is clear that any root is a Z-linear combination of simple roots, hence
the second claim follows. Finally by Proposition 4.12 any element of a∗ is a R-linear
combination of simple roots, hence the set of simple root is a linearly independent
generating subset of a∗, that is a basis, and thus r = dim a∗ = dim a as claimed. □

8.6. Harish-Chandra’s expansion of the spherical function. We now carry out
the programme sketched at the beginning of this section. For convenience, we recall
the following notations. If f, g : X → C are two functions the notation f(x) ≪ g(x)
means that there exists a constant c > 0 such that |f(x)| ≤ c|g(x)| for all x ∈ X.
Similarly if h : X × Y → C the notation f(x) ≪y g(x, y) means that for each y ∈ Y
there exists a constant cy > 0 such that |f(x)| ≤ c|g(x, y)|. The notation f(x) ≍ g(x)
means f(x) ≪ g(x) ≪ f(x).

Proposition 8.22. Assume λ ∈ a∗C is such that 2i⟨λ, µ⟩ ≠ ⟨µ, µ⟩ for all µ ∈ Λ+ \{0}.
Then there exist a unique solution Φλ of (8.2) of the form

Φλ(exp(H)) = e(iλ−ρ)(H)
∑
µ∈Λ+

Γµ(λ)e
−µ(H)
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with Γ0(λ) = 1. Moreover the coefficients Γµ are holomorphic on

{λ ∈ a∗C : 2i⟨λ, ν⟩ ≠ ⟨ν, ν⟩ for all ν ∈ Λ+ \ {0}}
and satisfy

|Γµ(λ)| ≪H eµ(H)

for all µ ∈ Λ+ and for all λ ∈ a∗ + ia∗+.

Proposition 8.23. Assume λ ∈ a∗C is such that 2i⟨λ, µ⟩ ≠ ⟨µ, µ⟩ for all µ ∈ Λ+ \{0}.
Then the function Φλ from Proposition 8.22 satisfies (8.3) for all D ∈ DK(G).

Proposition 8.24. Assume λ ∈ a∗C is such that

2i⟨sλ, µ⟩ ≠ ⟨µ, µ⟩,
i(sλ− σµ) ̸∈ Λ

for all µ ∈ Λ+ \ {0} and for all s ̸= σ ∈ W . Then the function Φsλ (s ∈ W ) are
linearly independent.

In accordance with Proposition 8.24, we define
‵a∗C = {λ ∈ a∗C : 2i⟨sλ, µ⟩ ≠ ⟨µ, µ⟩ and i(sλ−σµ) ̸∈ Λ for all s ̸= σ ∈ W,µ ∈ Λ+\{0}}.

Theorem 8.25 (Harish-Chandra’s expansion). There exists a function c defined on
‵a∗C such that for all λ ∈ ‵a∗C and for all H ∈ a+ we have

ϕλ(expH) =
∑
s∈W

c(sλ)e(isλ−ρ)(H)
∑
µ∈Λ+

Γµ(sλ)e
−µ(H),

where each Γµ is holomorphic on ‵a∗C, Γ0(λ) = 1 and

(8.13) |Γµ(λ)| ≪H eµ(H)

for all µ ∈ Λ+ and for all λ ∈ a∗ + ia∗+.

Proof. Let λ ∈ ‵a∗C and define an homomorphism χ : DK(G) → C by χ(D) =
Da(ρ+ iλ). Then we have Dϕλ = χ(D)ϕλ for all D ∈ DK(G). Thus by definition of
∆(D), we have ϕλ|A+ ∈ Eχ. Now by Proposition 8.1 we have dim(Eχ) ≤ |W |. On the
other hand, Propositions 8.23 and 8.24 provide |W | linearly independent elements of
Eχ (and hence a basis), namely the functions Φsλ (s ∈ W ). It follows that ϕλ|A+ can
be written as a linear combination

ϕλ|A+ =
∑
s∈W

cs(λ)Φsλ.

Now using that ϕλ = ϕσλ for all σ ∈ W we deduce ceW (σλ) = cσ(λ) and, setting
c(λ) = ceW (λ) the theorem is proved. □
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9. The c-function

The c-function encapsulates much of the analytic behaviour of the spherical
functions. In particular, its asymptotic properties and the localisation of its zeroes
are the main ingredients for the proof of the inversion theorem and the Paley-Wiener
theorem. Although Harish-Chandra’s original article proceeded in a different way,
the most satisfactory account of the properties of the c-function is given by the
Gindikin-Karpelevic formula. Let Σ0 be the subset of Σ consisting of roots that are
not a non-trivial integer multiple of another root, and let Σ+

0 = Σ+ ∩Σ0. For α ∈ Σ0,
let α0 =

α
⟨α,α⟩ .

Theorem 9.1 (Gindikin-Karpelevic formula). For all λ ∈ ‵a∗C we have

c(λ) = c0
∏
α∈Σ+

0

Γ
(

1+⟨iλ,α0⟩
2

)
Γ
(

⟨iλ,α0⟩
2

)
Γ
(

1+mα
2

+⟨iλ,α0⟩
2

)
Γ
(
m2α+

mα
2

+⟨iλ,α0⟩
2

) ,
where c0 is such that c(−iρ) = 1.

Remark 9.2. The Γ function has no zeroes, and has poles at each integer k ≤ 1. Therefore
the Gindikin-Karpelevic formula provides an analytic continuation of c(λ) to all λ ∈ a∗C
such that ⟨λ, α0⟩ ̸∈ iZ≥0.

Remark 9.3. Using that Γ(z) = Γ(z) for all z ∈ C, the theorem implies in particular that
c(λ)c(−λ) = |c(λ)|2 whenever λ ∈ a∗ \ {0}.
Remark 9.4. Since the Weyl group permutes Σ0, the function λ 7→ c(λ)c(−λ) is W -
invariant.

We defer the proof to letter sections. As a consequence of the Gindikin-Karpelevic
formula, we have the following estimate.

Proposition 9.5. There are constants C1 and C2 such that for all λ ∈ a∗C such that
ℜ(iλ) ∈ a∗+ we have

|c(λ)|−1 ≤ C1 + C2|λ|
dimN

2

Proof. For any fixed ϵ > 0 and any s ∈ C we have the following estimate as |z| → ∞
with | arg z| ≤ π − ϵ

Γ(z + s)

Γ(z)
∼ zs

(where the right hand side is defined by zs = es log z and log is the principal value of
the logarithm). Thus each factor in the Gindikin-Karpelevic formula is

≍ ⟨iλ, α0⟩−
mα+m2α

2
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as |λ| → ∞ with ℜ(iλ) ∈ a∗+. Using Corollary 8.20 we have∑
α∈Σ+

0

(mα +m2α) = |Σ+| = dim n = dimN

and hence the result follows. □

9.1. Example: SL2(R). In this section we write down explicitly the integral rep-
resentation of the spherical functions for G = SL2(R), the Laplacian, and the
Harish-Chandra expansion.

9.1.1. The Iwasawa decomposition. Recall that the Lie algebra of SL2(R) is given
by the set of 2 × 2 matrices whose trace vanishes. From Examples 4.6 and 4.11
we may take k, a n to be the one-dimensional subspaces spanned by [ 1

−1 ], [ 1 −1 ]
and [ 0 1

0 0 ], respectively. Taking the usual matrix exponential, the corresponding
subgroups are K = SO2 = {

[
cos θ sin θ
− sin θ cos θ

]
: θ ∈ (−π, π)}, A = {

[ y
y−1

]
: y > 0} and

N = {[ 1 x1 ] : x ∈ R}. Then calculating

(9.1) [ 1 x1 ]

[
y
1
2

y−
1
2

][
cos θ sin θ
− sin θ cos θ

]
=

[
y cos θ−xy−

1
2 sin θ y

1
2 sin θ+xy−

1
2 cos θ

−y−
1
2 sin θ y−

1
2 cos θ

]
we deduce that for g = [ a bc d ] ∈ SL2 we have A(g) =

[
H

−H
]
where

(9.2) H = −1

2
log(c2 + d2).

9.1.2. The roots. Recall from Example 4.11 that the roots are the two linear maps
α12 :

[
H

−H
]
7→ 2H and α21 = −α12. In this case the root α21 is positive and α12 is

negative. Thus ρ = 1
2
α12 :

[
H

−H
]
7→ H.

9.1.3. The integral representation. Now let a =

[
y
1
2

y−
1
2

]
∈ A. Then for k =[

cos θ sin θ
− sin θ cos θ

]
we deduce from 9.2 that A(ka) =

[
H

−H
]
where

H = −1

2
log(y sin2 θ + y−1 cos2 θ).

Now given s ∈ C let λs ∈ a∗C given by λs :
[
H

−H
]
7→ sH. Then we have

(ρ+ iλs)A(ka) = −1 + is

2
log(y sin2 θ + y−1 cos2 θ),
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To avoid cumbersome notations, let ϕs = ϕλs . Then using previous display we have

ϕs(a) =
1

2π

∫ π

−π
(y sin2 θ + y−1 cos2 θ)−

1
2
− is

2 dθ

=
1

π

∫ π
2

−π
2

(y sin2 θ + y−1 cos2 θ)−
1
2
− is

2 dθ.

This integral may be expressed in terms of the associated Legendre function of the
first kind (see [GR15, Equation 3.666. 2]). Changing variables θ = φ+ π

2
and using

periodicity, we immediately obtain the relation

ϕs(a) = ϕs(a
−1).

On the other hand changing variables θ = arctan(y2 tanφ) we have

y sin2 θ + y−1 cos2 θ = (y−1 sin2 φ+ y cos2 φ)−1

and

dθ =
dφ

y−1 sin2 φ+ y cos2 φ
,

thus we obtain

ϕs(a) =
1

π

∫ π
2

−π
2

(y−1 sin2 φ+ y cos2 φ)−
1
2
+ is

2 dφ = ϕ−s(a
−1) = ϕ−s(a),

which is Harish-Chandra’s functional equation for the non-trivial element of the Weyl
group.

9.1.4. The Laplacian. Recall from Remark 4.2 that the Killing on g form is given by
B(X, Y ) = 4 tr(XY ). Let us pick the orthogonal basis of g given by the three vectors

Z = [ 0 1
−1 0 ], Q = [ 0 1

1 0 ], H = [ 1 −1 ].

We express the corresponding elements of D(G) in terms of the coordinates (9.1).

Lemma 9.6. We have

Z =
∂

∂θ
,

Q = 2y cos(2θ)
∂

∂x
+ 2y sin(2θ)

∂

∂y
− cos(2θ)

∂

∂θ
,

H = −2y sin(2θ)
∂

∂x
+ 2y cos(2θ)

∂

∂y
+ sin(2θ)

∂

∂θ
.
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Proof. Let f be a smooth function on SL2(R). We define a smooth function

F : R3 → C

given by F (x, y, θ) = f (g) if g = [ 1 x1 ]

[
y
1
2

y−
1
2

][
cos θ sin θ
− sin θ cos θ

]
. Observe that

exp(tZ) = [ cos t sin t
− sin t cos t ].

Thus f(g exp(tZ)) = F (x, y, θ + t) and the first claim follows. Next let

(xQ(t), yQ(t), θQ(t))

be the Iwasawa coordinates of g exp(tQ). Then by the chain rule we have

Qf =

(
x′Q(0)

∂

∂x
+ yQ(0)

′ ∂

∂y
+ θ′Q(0)

∂

∂θ

)
F

Observe that
exp(tQ) = [ cosh t sinh t

sinh t cosh t ],

and

(9.3)
[

cos θ sin θ
− sin θ cos θ

]
[ cosh t sinh t
sinh t cosh t ] =

[
cosh t+sinh t sin(2θ) sinh t cos(2θ)

sinh t cos(2θ) cosh t−sinh t sin(2θ)

][
cos θ sin θ
− sin θ cos θ

]
.

Let (xs(t), ys(t), θs(t)) be the Iwasawa coordinates of[
cosh t+sinh t sin(2θ) sinh t cos(2θ)

sinh t cos(2θ) cosh t−sinh t sin(2θ)

]
,

so that θQ(t) = θ+θs(t), yQ(t) = yys(t) and xQ(t) = x+yxs(t). Thus comparing (9.3)
with (9.1) we have

θQ(t) = θ + arctan

(
− sinh t cos(2θ)

cosh t− sinh t sin(2θ)

)
.

In particular θ′Q(0) = − cos(2θ). Similarly we have

yQ(t) =
y

sinh2 t cos2(2θ) + (cosh t− sinh t sin(2θ))2

and hence y′Q(t) = 2y sin(2θ). Finally by differentiating (9.1) and using

xs(0) = 0, ys(0) = 1, θs(0) = 0, θ′s(0) = − cos(2θ)

we find that
− cos(2θ) + x′s(0) = cos(2θ),

and hence x′Q(0) = 2y cos(2θ). The second claim follows. Similar calculations give
the result for H. □
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Corollary 9.7. The Laplacian on G is given by

ΩG =
y2

2

(
∂2

∂x2
+

∂2

∂y2

)
− y

2

∂2

∂x∂θ
.

Proof. This follows by calculating Z◦Z
B(Z,Z)

+ Q◦Q
B(Q,Q)

+ H◦H
B(H,H)

explicitly. □

To compute Ωa note that Z ∈ k,H ∈ a, Q = X − Z where X = [ 0 2
0 0 ] ∈ n and

Q ◦Q = (X − Z) ◦ (X − Z)

= X ◦X + Z ◦ Z − Z ◦X −X ◦ Z
= X ◦X + Z ◦ Z − 2X ◦ Z + [X,Z]

= X ◦X + Z ◦ Z − 2X ◦ Z − 2H ∈ −2H ∈ D(G)k+ nD(G)

and hence we have

Ωa =
1

8
H2 − 1

4
H

and in particular for λ = λs as above,

Ωa(ρ+ iλs) =
1

8

(
(ρ+ iλs)(H)

)2 − 1

4
(ρ+ iλs)(H) = −1

8

(
1 + s2

)
.

9.1.5. The differential equation. Let g ∈ G. By the Cartan decomposition we may

write g = k1ak2 with k1, k2 ∈ K and a =
[
r
1
2

r−
1
2

]
∈ A. Moreover the requirement

that a ∈ A+ is equivalent to r > 1 On the other hand we may write g using the
Iwasawa decomposition (9.1). Then we have

r + r−1 = tr(g⊤g) =
1 + x2 + y2

y
.

Thus if f is any bi-K-invariant function on G then we have

(9.4) f(g) = F

(
1 + x2 + y2

y

)
,

where

F (t) = f

([
r(t)

1
2

r(t)−
1
2

])
,

and

r(t) =
t+

√
t2 − 4

2
.
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Combining Corollary 9.7 and (9.4) we obtain

(ΩGf)(a) = (r + r−1)F ′ (r + r−1
)
+

1

2
(r − r−1)2F ′′ (r + r−1

)
.

In particular if f is in addition an eigenfunction of the Laplacian ΩG with eigenvalue
−1

8
(1 + s2) say, then we obtain the differential equation

1

2
(r − r−1)2F ′′ (r + r−1

)
+ (r + r−1)F ′ (r + r−1

)
+

1

8
(1 + s2)F (r + r−1) = 0.

Finally changing variable a =
[
eH

e−H

]
so r = e2H and setting G(H) = f(a) =

F (e2H + e−2H) this becomes

(9.5) G′′(H) + 2 coth(2H)G′(H) + (1 + s2)G(H) = 0.

Compare with Theorem 8.18.

9.1.6. Harish-Chandra’s expansion. Let us look for a solution G = Gs of (9.5) of the
form

Gs(H) = e(is−1)H
∑
n≥0

Γn(s)e
−2nH

with Γ0(s) = 1. Using the series expansion

cothH = 1 + 2
∑
k≥1

e−2kH ,

differentiating (9.5) termwise, and equating the coefficients of e−2nH we obtain the
recursion relation

n(n− is)Γn(s) =
∑

m+2k=n
k≥1

(2m+ 1− is)Γm(s).

This defines the coefficients Γn(s) uniquely provided that s ∈ C \ 2iZ. Moreover one
checks by induction that for all H0 > 0 and s ∈ C \ 2iZ we have

(9.6) |Γn(s)| ≪s,H0 e
nH0

and thus, conversely, Gs(H) is well-defined and satisfies (9.5). Now G−s also satis-
fies (9.5). In addition we have Γ2(s) =

1−is
2(2−is) and Γ2(−s) = 1+is

2(2+is)
̸= Γ2(s) for s ≠ 0.

Thus the two solutions Gs and G−s, which are defined for s ∈ C \ 2iZ, are linearly
independent. By general theory the space of solutions of (9.5) has dimension 2, and
since H 7→ ϕs

(
exp

[
H

−H
])

is also a solution of (9.5) and satisfies ϕ−s = ϕs we have
for all s ∈ C \ 2iZ and for all H > 0

ϕs
(
exp

[
H

−H
])

= c(s)Gs(H) + c(−s)G−s(H),
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where c is the c-function. To determine the c-function explicitly, note that

e(1−is)Hϕs
(
exp

[
H

−H
])

= c(s)
∑
n≥0

Γn(s)e
−2nH + c(−s)e−2isH

∑
n≥0

Γn(s)e
−2nH

Now take s ∈ C \ 2iZ such that ℜ(is) > 0 and let H → ∞. Using (9.6) with H0 = 1,
we may take the limit term by term, and deduce

lim
H→∞

e(1−is)Hϕs
(
exp

[
H

−H
])

= c(s).

On the other hand, using the functional equation ϕs = ϕ−s and the integral represen-
tation of ϕ−s, by dominated convergence the above limit is

lim
H→∞

1

2π

∫ π

−π
(sin2 θ + e−4H cos2 θ)−

1
2
+ is

2 dθ =
1

2π

∫ π

−π
(sin θ)−1+is dθ.

The last integral can be evaluated by [GR15, 3.621 1.], yielding

c(s) =
1√
π

Γ
(
is
2

)
Γ
(
1+is
2

) .
Compare with Theorem 9.1.

10. The Paley-Wiener theorem and the inversion theorem

We start preparing the stage for the proofs of Theorems 6.5 and 6.6.

10.1. Some structural features. We start with collecting some simple observations
on the spherical function and the structural features of the spherical transform.

Lemma 10.1. For any λ ∈ a∗C and for any x, y ∈ G we have∫
K

ϕλ(xky) dk = ϕλ(x)ϕλ(y).

Remark 10.2. In fact, this property is sometimes taken as the definition of spherical
functions.

Proof. By definition we have∫
K

ϕλ(xky) dk =

∫
K

∫
K

e(ρ+iλ)(A(k1xky)) dk1dk.

Now write k1x = n exp(A(k1x))k2 with n ∈ N, k2 ∈ K, and observe that A(k1xky) =
A(k1x) + A(k2ky). Thus changing variables k2k 7→ k we obtain the result. □

Lemma 10.3. For all λ ∈ a∗C and for all g ∈ G we have ϕ−λ(g
−1) = ϕλ(g).
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Proof. By definition we have

ϕ−λ(g
−1) =

∫
K

e(ρ−iλ)(A(kg
−1)) dk.

Now write the Iwasawa decomposition of kg−1 as kg−1 = n exp(A(kg−1))k where
n = n(kg−1) ∈ N and k = k(kg−1) ∈ K. Then using

0 = A(k) = A(kg−1g)

= A(n exp(A(kg−1))kg) = A(kg−1) + A(kg)

we deduce

ϕ−λ(g
−1) =

∫
K

e(−ρ+iλ)(A(k(kg
−1)g)) dk.

thus to conclude it suffices to show that for any continuous function F on K we have

(10.1)

∫
K

F (k(kg−1)) dk =

∫
K

e2ρ(A(kg))F (k) dk.

Henceforth let F1, F2 be continuous, compactly supported functions on N and A,
respectively such that ∫

N×A
F1(n)F2(a)e

−2ρ log a dadn ̸= 0.

Define f(nak) = F1(N)F2(a)F (k) for all n ∈ N, a ∈ A, k ∈ K. Then by Theorem 5.8
we have

(10.2)

∫
G

f(x) dx =

∫
N×A×K

F1(n)F2(a)F (k)e
−2ρ log a dkdadn.

On the other hand by changing variables we have∫
G

f(x) dx =

∫
G

f(xg−1) dx

Writing
nakg−1 = [nana−1][a exp(A(kg−1))]k

and changing variable nan(kg−1)a−1 7→ n, a exp(A(kg−1)) 7→ a we have by Theo-
rem 5.8 again

(10.3)

∫
G

f(xg−1) dx =

∫
N×A×K

F1(n)F2(a)F (k(kg
−1))e−2ρ log a+2ρ(A(kg−1)) dkdadn.

Comparing (10.2) and (10.3), factoring out
∫
N×A F1(n)F2(a)e

−2ρ log a dadn, and re-

placing F (k) with e2ρ(A(kg))F (k) equation (10.1) follows. □
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Corollary 10.4. Let g, h ∈ C∞
c (G �K) and let f = g ∗ h, where g ∗ h denotes the

convolution. Then for all λ ∈ a∗C we have

f̃(λ) = g̃(λ)h̃(λ),

Moreover let h∗(x) = h(x−1). Then for all λ ∈ a∗ we have

h̃∗(λ) = h̃(λ).

Proof. We start with the spherical transform of the convolution. Using Lemma 10.1
and K-invariance we have

f̃(λ) =

∫
G

(g ∗ h)(x)ϕλ(x) dx =

∫
G

∫
G

g(y)h(y−1x)ϕλ(x) dydx

=

∫
G

∫
G

∫
K

g(y)h(x)ϕλ(ykx) dkdydx

=

∫
G

∫
G

g(y)h(x)ϕλ(y)ϕλ(x) dydx = g̃(λ)h̃(λ).

Next let λ ∈ a∗. Then using Lemma 10.3 we have

h̃∗(λ) =

∫
G

h(x−1)ϕλ(x) dx

=

∫
G

h(x)ϕλ(x
−1) dx =

∫
G

h(x)ϕ−λ(x) dx,

and the second claim follows upon observing that for λ ∈ a∗ we have ϕ−λ = ϕλ. □

Remark 10.5. Let A be the image of C∞
c (G � K) under the map f 7→ f̃|a∗ . Then

Corollary 10.4 implies that A is an algebra (under the usual pointwise multiplication of
functions) that is closed by complex conjugation.

10.2. A localisation property. An entire function h on a∗C is a Paley-Wiener
function of order R > 0 such that for all non-negative integer M there exists a
constant CM such that

(10.4) |h(ν)| ≤ CM(1 + |ν|)−MeR|ℑ(ν)|

for all ν ∈ a∗C. Here the norm is the one induced by the Killing form. Let us write
the Harish-Chandra expansion of the spherical function as

(10.5) ϕλ(expH) =
∑
µ∈Λ+

Ψµ(λ,H)
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for λ ∈ ‵a∗C and H ∈ a+, where

Ψµ(λ,H) =
∑
s∈W

c(sλ)Γµ(sλ)e
(isλ−ρ−µ)(H)

for all µ ∈ Λ+. The proofs of inversion theorem and of the Paley-Wiener theorem
both rest on the following localisation property.

Proposition 10.6. Let h be a W -invariant Paley-Wiener function of order R > 0
on a∗C. Than for every µ ∈ Λ+ and for every H ∈ a+ with |H| > R we have∫

a∗
h(λ)Ψµ(λ,H)|c(λ)|−2 dλ = 0.

Proof. Using Remarks 9.3 and 9.4 we have for all λ ∈ a∗

Ψµ(λ,H)|c(λ)|−2 =
∑
s∈W

c(−sλ)−1Γµ(sλ)e
(isλ−ρ−µ)(H).

Thus by W -invariance of h it suffices to show

(10.6)

∫
a∗
h(λ)c(−λ)−1Γµ(λ)e

iλ(H) dλ = 0

for all H ∈ a+ with |H| > R. To this end, we shall use Cauchy’s residue theorem
and shift the contour of integration. By Theorem 8.25 the possible poles of Γµ(λ) are
located on the set of those λ ∈ a∗C such that

2i⟨λ, ν⟩ = ⟨ν, ν⟩ for some ν ∈ Λ+ \ {0}.
By the Gindikin-Karpelevic formula Theorem 9.1, c(−λ)−1 is holomorphic outside
the set of those λ ∈ a∗C such that

⟨iλ, α0⟩ ∈ 1
2
Z>0 for some α ∈ Σ+

0 .

In particular since Σ0 ⊂ Λ+, the function c(−λ)−1Γµ(λ) is holomorphic outside the
set of those λ ∈ a∗C such that

⟨iλ, ν⟩ > 0 for some ν ∈ Λ+ \ {0}.
In particular if λ0 ∈ a∗+ then one may deform the contour a∗ to a∗ + iλ0 without
running into poles of c(−λ)−1Γµ(λ). In order to perform this contour shifting, we
need to check that the integrand has sufficient decay as |ℜ(λ)| → ∞ with ℑ(λ) ∈ a∗+.
By Theorem 8.25, in this region we have |Γµ(λ)| ≪µ 1, and by Proposition 9.5 we

have |c(λ)|−1 ≪ 1 + |λ|dimN
2 . Thus the integrand in 10.6 is

(10.7) ≪µ |h(λ)|(1 + |λ|
dimN

2 )e−ℑ(λ)(H).
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Thus choosing M > 1 + dim(a) + dimN
2

in (10.4), the contour shift is justified, hence∫
a∗
h(λ)c(−λ)−1Γµ(λ)e

iλ(H) dλ =

∫
a∗+iλ0

h(λ)c(−λ)−1Γµ(λ)e
iλ(H) dλ.

Then using (10.4) and (10.7) we obtain∫
a∗+iλ0

h(λ)c(−λ)−1Γµ(λ)e
iλ(H) dλ≪µ e

R|λ0|−λ0(H).

Now for H as above being fixed, choose λ0 = ⟨tH, ·⟩ ∈ a∗+ for some t > 0. Then the

right hand side in the above majoration equals et|H|(R−|H|). Now letting t → ∞ we
deduce ∫

a∗+iλ0

h(λ)c(−λ)−1Γµ(λ)e
iλ(H) dλ = 0,

as needed. □

10.3. Proof of the inversion theorem. We now move on to the proof of Theo-
rem 6.5. Given g ∈ C∞

c (G) define

g#(x) =

∫
K

∫
K

f(k1xk2) dk1dk2,

where as usual the Haar measure on K is normalised so that K has volume 1. Now
consider the linear map T : C∞

c (G) → C defined by

T (g) =

∫
a∗
g̃#(λ)|c(λ)|−2 dλ.

First we need to justify that the integral in the definition of T does make sense. Note
that g# obviously belongs to C∞

c (G � K). Next given f ∈ C∞
c (G � K) and using

Corollary 5.9 we have for all λ ∈ a∗

f̃(λ) =

∫
G

f(x)ϕ−λ(x) dx

=

∫
G

∫
K

f(kx)e(ρ−iλ)A(kx) dk dx =

∫
G

f(g)e(ρ−iλ)A(g) dg

=

∫
A

∫
N

f(an)e(ρ−iλ)(log a) dnda

=

∫
A

Ff (a)e
−iλ(log a) da,

where we have used the notation of Theorem 5.15. Now it is clear that Ff ∈ C∞
c (A).

In fact the map a → C : H 7→ Ff(expH) belongs to C∞
c (a) and the last integral

above is nothing but its usual Fourier transform. Thus by the usual Paley-Wiener
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Theorem 1.2 it follows that f̃ is Paley-Wiener, and in particular using Proposition 9.5
the integral defining T (g) does converge.

The first step of the proof of Theorem 6.5 is to show that T acts on the subspace
C∞
c (G � K) as the Dirac measure δeG . Roughly, the idea is to insert the Harish-

Chandra expansion of the spherical function in the definition of the spherical transform,
and to use Proposition 10.6 after approximating the constant function 1 on a∗ by a
Paley-Wiener function of arbitrarily small order. Namely, let F be a Paley-Wiener
function of order 1 on a∗C, such that F (0) = 1 and such that F is radial (that is
F (λ) depends only on ⟨λ, λ⟩). The last condition ensures that F is in particular
W -invariant. The existence of such a function F is provided by taking the Fourier
transform of a suitable smooth, compactly supported, radial function on a. Then
by the dominated convergence theorem and the Fubini theorem we have for all
g ∈ C∞

c (G)

T (g) = lim
ϵ→0

∫
a∗
F (ϵλ)g̃#(λ)|c(λ)|−2 dλ

= lim
ϵ→0

∫
a∗
F (ϵλ)

∫
G

g#(x)ϕ−λ(x) dx|c(λ)|−2 dλ

= lim
ϵ→0

∫
G

g#(x)hϵ(x) dx,

where

hϵ(x) =

∫
a∗
F (ϵλ)ϕ−λ(x)|c(λ)|−2 dλ.

Now inserting Harish-Chandra’s expansion (10.5) and using (8.13) to justify the
termwise integration, we have for x ∈ K exp(H)K with H ∈ a+

hϵ(x) =
∑
µ∈Λ+

∫
a∗
F (ϵλ)Ψµ(λ,H)|c(λ)|−2 dλ.

But the function λ 7→ F (ϵλ) is Paley-Wiener of order ϵ and thus by Proposition 10.6
and the Cartan decomposition Theorem 4.36, the function hϵ is supported on Bϵ =
K{exp(H) : H ∈ a+ : |H| ≤ ϵ}K. In particular observing that if Supp(g) ∩K = ∅
then Supp(g#) ∩K = ∅ too, we have established the following important result.

Fact 2. If Supp(g) ∩K = ∅ then T (g) = 0.

Now we extend the operator T to all of Cc(G). Since C∞
c (G) is dense in Cc(G)

endowed with the uniformity norm ∥ · ∥∞ (which may be shown by using local charts
to “lift” the corresponding statement from Rn), it suffices to show that there exists a
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constant c such that

(10.8) |T (g)| ≤ c∥g∥∞
for all g ∈ C∞

c (G). But using the support condition for hϵ and the obvious majoration
∥g#∥∞ ≤ ∥g∥∞ we have

|T (g)| ≤ lim sup
ϵ→0

∫
G

|g#(x)hϵ(x)| dx ≤ lim sup
ϵ→0

∥hϵ∥∞∥g∥∞
∫
G

1Bϵ(x) dx.(10.9)

So we need to estimate on the one hand ∥hϵ∥∞ and on the other hand the volume
of Bϵ. We start with the estimation of ∥hϵ∥∞. Let ϵ < 1. Firstly by continuity of the
map g 7→ e(ρ−iλ)(g) and by compactness we have for all λ ∈ a∗ and for x ∈ Bϵ

|ϕ−λ(x)| ≤ max
x∈Bϵ

eρ(A(x)) ≤ C,

where C = maxx∈B1 e
ρ(A(x)) say. Thus using Proposition 9.5 we have

∥hϵ∥∞ ≤ C

∫
a∗
|F (ϵλ)c(λ)|−2 dλ = Cϵ−dim a

∫
a∗
|F (λ)c(ϵ−1λ)|−2 dλ

≤ Cϵ− dim a

∫
a∗
|F (λ)|

(
C1 + C2|ϵ−1λ|

dimN
2

)2

dλ,

and thus

(10.10) ∥hϵ∥∞ ≪ ϵ− dimNA.

To calculate the volume of Bϵ we shall use the following.

Lemma 10.7. Let M and N be oriented manifolds endowed with n-forms ωM and
ωN respectively. Let Φ be an orientation-preserving diffeomorphism from M onto N.
Let H ⊂ M be compact. Then there exists a constant CH such that for all measurable
subset B ⊂ H we have ∫

M

1Bω
M ≤ CH

∫
N

1Φ(B)ω
N

Proof. We use the change of variable formula (5.3) and given p ∈ K and ℓ ∈
Hom(Rn, TpM) we write

(Φ∗ωN)p(ℓ) = ωM
p (ℓ) det(ΩN

ϕ(p) ◦ dpΦ ◦ (ΩM
p )−1).

By compactness of H the continuous map

p 7→ | det(ΩN
ϕ(p) ◦ dpΦ ◦ (ΩM

p )−1)|
is bounded on H. □
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Now we apply the previous lemma to the diffeomorphism Φ : G→ p×K provided
by Theorem 4.25 with H = B1 say and B = Bϵ. We claim that in this case
Φ(B) = {X ∈ p : |X| ≤ ϵ} ×K. Indeed, assume

k1 exp(H)k2 = exp(X)

where k1, k2 ∈ K, H ∈ a and X ∈ p. Using that k1 exp(H)k2 = exp(AdG(k1)H)k−1
1 k2

and AdG(K)a = p by Lemma 4.27, we must have k1 = k2 and X = AdG(k)H. But
then by (4.3) we have |X| = |H|. Thus we get

(10.11)

∫
G

1Bϵ(x) dx≪ ϵdim(p).

Since dim(p) = dim(NA), combining (10.9),(10.10) and (10.11) prove ((10.8)).

Thus T extends to a continuous linear map Cc(G) → C. By the Riesz–Markov–Kakutani
representation theorem, there exists a (complex-valued) Borel measure µ on G such
that T (f) =

∫
G
f dµ for all f ∈ Cc(G). Fact 2 then implies that µ is supported on K,

and in particular for all f ∈ C∞
c (G �K) we have

T (f) = f(eG)

∫
K

dµ.

In addition, we must have
∫
K
dµ > 0 because it is possible to find g ∈ C∞

c (G �K)
such that g̃(λ) > 0 for all λ ∈ a∗ (to see this, use Remark 10.4).

Thus we have obtained

(10.12)

∫
a∗
g̃(λ)|c(λ)|−2 dλ = f(eG).

for all f ∈ C∞
c (G �K), which is the statement of the inversion theorem for g = eG.

Now let g ∈ G be arbitrary and consider the function h ∈ C∞
c (G �K) defined by

h(x) =

∫
K

f(gkx) dk.

Then using Lemmas 10.1 and 10.3 we have

h̃(λ) =

∫
K

∫
G

f(gkx)ϕ−λ(x) dxdk

=

∫
G

f(x)ϕ−λ(g
−1x) dx =

∫
G

f(x)

∫
K

ϕ−λ(g
−1kx) dx

= ϕ−λ(g
−1)f̃(λ) = ϕλ(g)f̃(λ).
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Applying (10.12) to h we obtain the inversion formula. To deduce the second statement
of Theorem 6.5 we apply (10.12) to the function

x 7→
∫
G

f(xg)f(g) dg

and we use Corollary 10.4.

10.4. Proof of the Paley-Wiener theorem. We have already justified above the
fact that the spherical transform of an element of C∞

c (G �K) is Paley-Wiener. The
W -invariance follows directly from the W -invariance of the spherical function, and
the injectivity is a consequence of the inversion formula. Thus we need to show the
surjectivity. So let h be a W -invariant Paley-Wiener function on a∗C of order R, say.
Define

f(x) =

∫
a∗
h(λ)ϕλ(x)|c(λ)|−2 dλ.

Note that the integral is well defined by Proposition 9.5 and the Paley-Wiener
assumption. Now for anyD ∈ D(G) the function (Dϕλ)(x) is bounded by a polynomial
in λ, uniformly for x varying in a fixed compact set. Thus by differentiation under
the integral sign, we deduce that f ∈ C∞(G �K). Now similarly as in the proof of
Theorem 6.5 we insert the Harish-Chandra (10.5) we use (8.13). Thus the localisation
property Proposition 10.6 implies that f ∈ C∞

c (G � K). It remains to prove that

h = f̃ . By the inversion theorem we have∫
a∗
(f̃(λ)− h(λ))ϕλ(x)|c(λ)|−2 dλ = 0.

Integrating this against an arbitrary g ∈ C∞
c (G) we deduce

(10.13)

∫
a∗
(f̃(λ)− h(λ))g̃(λ)|c(λ)|−2 dλ = 0

for all g ∈ C∞
c (G).

Lemma 10.8. Let A be the image of C∞
c (G �K) under the map f 7→ f̃|a∗. Then

A is an algebra that is closed under complex conjugation, it separates the points on
a∗/W , and vanishes at infinity.

Proof. The first statement is a reformulation of Corollary 10.4. To prove that A

separates the points on a∗/W , let λ, µ ∈ a∗ and assume that h̃(λ) = h̃(µ) for all
h ∈ C∞

c (G �K), that is ∫
G

h(g)(ϕλ(g)− ϕµ(g)) dg = 0
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for all h ∈ C∞
c (G � K). Then ϕλ(g) = ϕµ(g) for all g ∈ G and hence by Harish-

Chandra’s Theorem 6.4 we have λ = sµ for some s ∈ W , as desired. Finally functions
in A vanish at infinity because they are Paley-Wiener. □

Thus by the Stone-Weierstraß theorem, A is dense (with respect to the uniformity
norm) in the space of all continuous functions on a∗/W that vanish at infinity.

Thus (10.13) implies that f̃ and h coincide on a∗, and by holomorphy f̃ = h on a∗C,
finishing the proof and the course.

References

[Bum97] Daniel Bump, Automorphic forms and representations, Cambridge Studies in Advanced
Mathematics, vol. 55, Cambridge University Press, Cambridge, 1997. MR1431508

[Che55] Claude Chevalley, Invariants of finite groups generated by reflections, Amer. J. Math. 77
(1955), 778–782, DOI 10.2307/2372597. MR0072877

[Gar10] Paul Garrett, Invariant differential operators (2010), https://www-users.cse.umn.edu/

~garrett/m/mfms/notes/12_diffops.pdf. Lecture notes.
[GR15] I. S. Gradshteyn and I. M. Ryzhik, Table of integrals, series, and products, 7th ed.,

Elsevier/Academic Press, Amsterdam, 2015. Translated from the Russian; Translation
edited and with a preface by Daniel Zwillinger and Victor Moll. MR3307944

[HC58a] Harish-Chandra, Spherical functions on a semisimple Lie group. I, Amer. J. Math. 80
(1958), 241–310, DOI 10.2307/2372786. MR0094407

[HC58b] , Spherical functions on a semisimple Lie group. II, Amer. J. Math. 80 (1958),
553–613, DOI 10.2307/2372772. MR0101279

[Hel62] Sigurd̄ur Helgason, Differential geometry and symmetric spaces, Pure and Applied Mathe-
matics, vol. Vol. XII, Academic Press, New York-London, 1962. MR0145455

[Hel01] , Differential geometry, Lie groups, and symmetric spaces, Graduate Studies in
Mathematics, vol. 34, American Mathematical Society, Providence, RI, 2001. Corrected
reprint of the 1978 original. MR1834454

[Hel00] , Groups and geometric analysis, Mathematical Surveys and Monographs, vol. 83,
American Mathematical Society, Providence, RI, 2000. Integral geometry, invariant differen-
tial operators, and spherical functions; Corrected reprint of the 1984 original. MR1790156

[Hum75] James E. Humphreys, Linear algebraic groups, Graduate Texts in Mathematics, vol. No.
21, Springer-Verlag, New York-Heidelberg, 1975. MR0396773

[Kna86] Anthony W. Knapp, Representation theory of semisimple groups, Princeton Mathematical
Series, vol. 36, Princeton University Press, Princeton, NJ, 1986. An overview based on
examples. MR0855239

[Kna02] , Lie groups beyond an introduction, 2nd ed., Progress in Mathematics, vol. 140,
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